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def max_subarray_sum(arr):
n = len(arr)
max_sum = float('-inf') # sediso aidS Lbi )5 culpiosw (sdio (fgozo usiny Sly adyl liéo

# dlis,y; egpir ahii okl gl asl>
for i in range(n):
# alos,y; obl ahsi Ol :p9> asl>
for j in range(i, n):
current_sum = 0
# ow polic fgoxo awlzo (pgw asl> 1 g j
for k in range(i, j + 1):
current_sum += arr[k]
# €900 Uity ilwyio,u 9 ey
if current_sum > max_sum:
max_sum = current_sum
return max_sum

# aigos al,l < :Jlio

arr = [1, 2, 31, -3, 51, 12, -102, 1, 31, 1]
result = max_subarray_sum(arr)

print(result)
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def max_subarray_sum(arr):
n = len(arr)
max_sum = float('-inf') # fgoxo Aiiw Sly adsl ,liso

# dlisy; egrw ahii olzil :Jgl asl>
for i in range(n):
current_sum = @ # oS o ,80 f9pw ahii Lo Sy |, S fgoxo
# soiylidl 9o @ ggozo awlzo 9 Wlisy; Vbl absi il :pes asl>
for j in range(i, n):
current_sum += arr[j] # <S> 9020 4 L1> gac U,S Alo/
# poi) wygo )5 Egomo s sulw)jg,v
if current_sum > max_sum:
max_sum = current_sum
return max_sum

# digoi all & :Jlio



arr = [1, 2, 31, -3, 51, 12, -102, 1, 31, 1]
result = max_subarray_sum(arr)
print(result)
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def max_subarray_sum(arr):
max_sum = float('-inf') # fgoxo Wi Sy adsl ,l1é0
current_sum = @ # S,l> f9ox0 0,33 Sy jusio

for num in arr: # al,/ Slacl jiyloy
if current_sum < 0: # oS b0 [, Ol (i (nsio S)l> ggoxo LS
current_sum = ©
current_sum += num # S,> fgoxo W U9 gac u,S adlol
if current_sum > max_sum: # fgoxo Wiiivw svlwjg v
max_sum = current_sum
return max_sum

# aigos al,l & :Jlio

arr = [1, 2, 31, -3, 51, 12, -102, 1, 31, 1]
result = max_subarray_sum(arr)

print(result)
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def has_three_sum_zero(arr):

n = len(arr)

# acgoxo Slac/ jl ySoo Sl sbaw ploi Sy, Jiwlow

for i in range(n):

for j in range(n):
for k in range(n):
# Cowl j80 vlicgazo 9 Liwd jloio (swlzil gac aw Ul aSul Csowp
if i !'= j and j !'= k and k != i and arr[i] + arr[j] + arr[k] ==
return "Yes" # sgudiso ouil>,Sy "al" fwl aw Ly S/
return "No" # sguiswo oul,Sy " Guwl i I swlbaw guo S/

# aigos al,l & :dlo

arr = [1, 2, 31, -3, 51, 12, -102, 1, 31, 1]
result = has_three_sum_zero(arr)
print(result)
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def has_three_sum_zero(arr):
n = len(arr)
# LS5 Ueu pSoo Sacvliaw ploi Sy, yiwloy
for i in range(n):
for j in range(i + 1, n): # j/ a2 gac jl g9pw 1
for k in range(j + 1, n): # j/ ae gac jl g9, w J
if arr[i] + arr[j] + arr[k] == 0: # ,60 fgoxo (5w ,y
return "Yes" # sguiso olil>,Sy "al” Guwl i lay LS/
return "No" # sguiso oSy " dwl iu g wlbaw aus LS/

# @igos al,l S :Jlio
arr = [1, 2, 31, -3, 51, 12, -102, 1, 31, 1]



result = has_three_sum_zero(arr)
print(result)
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def has_three_sum_zero(arr):
n = len(arr)
arr.sort() # al/ Sjlwciw

for i in range(n - 1): # (vbaw Jsl gac Sy, swlow
j=1i+1 # svbaw 09> gac
k=n-1 # wbaw pgw gac

while j < k: # a5 niloj U j 9 R awl acwlv (siligpod
current_sum = arr[i] + arr[j] + arr[k] # sac aw fgoxo Awlxo
if current_sum == 0: # i ,40 Egoxo S/
return "Yes"
elif current_sum > 0: # 59 ,60 jl S,y 900 L5l R puds o Judls |,

k -= 1
else: # 5o ,00 jl ,iS29eS g9ax0 JSI J pudsiso yawlidl [
j+=1

return "No" # i lw vlbaw gus LS/

# aigos al,l < :Jlio

arr = [1, 2, 31, -3, 51, 12, -102, 1, 31, 1]
result = has_three_sum_zero(arr)
print(result)

Yes
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GrEEDYScHEDULE(S[1..n],F[1..n]):
sort F and permute 5 to match
count «— 1
X[count] — 1
fori+—2ton

if S[i] = F[X[count]]
count « count + 1
X[count] —i
return X[1..count]

finishes first greedy
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class Task:
def __init_ (self, start, finish):
self.start = start
self.finish = finish

def print_max_tasks(tasks):
# oll oloj pwlwl v LSW Sjlwcdio
tasks.sort(key=lambda x: x.finish)

selected_tasks = []
i=o9
selected_tasks.append(tasks[i]) # oll vloj wrinS U s ool ol

for j in range(1l, len(tasks)):
# 595 oty wlril S obl oloj jl 12 Sae S ggpuir Uloj LS
if tasks[j].start >= tasks[i].finish:
selected_tasks.append(tasks[j])
i=3 # oww ol Sw ilw,jg

# orw wlzil SbSw ol
for task in selected_tasks:
print(f"({task.start}, {task.finish}), ", end="")

# o I i Jbo

tasks = [
Task(5, 9),
Task(1, 2),
Task(3, 4),
Task(o, 6),
Task(5, 7),
Task(8, 9)

1

print_max_tasks(tasks)

(1, 2), (3, 4), (5, 7), (8, 9),

® J92 025 2> 1p9d sl
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def find_min_coins(V, denominations):
# oy i v uwliSwl Silwcdire
denominations.sort(reverse=True)

ans = [] # oww ol SlopwliSwl o)s5 Sy cowd
i=0 # wllwl oS)p Jl egri

while V > @ and i < len(denominations):
if V >= denominations[i]: # cew/ owilodl ,liéo Solwo b ,iS29S (slod LwliSawl 5]
V -= denominations[i] # owlodl ,liso ;| JwliSwl i)l Us,S oS



ans.append(denominations[i]) # fwl cowd @ jwlSwl us,S adlol
else:
i+4=1 # Suaew uSxeS wlbsuwl a4 i)

return ans

# b 590 ,l1s0 9 39590 SlDLWlSw! :Jlio
denominations = [1, 2, 5, 10, 20, 50, 100, 500, 1000]
total _value = 93

result = find_min_coins(total_value, denominations)
print(f"Following is minimal number of change for {total_value}: {' '.join(map(str, result))}")

Following is minimal number of change for 93: 50 20 20 2 1
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class Item:
def __init_ (self, value, weight):
self.value = value
self.weight = weight

def fractional_knapsack(W, items):
# o o v (Uis v vupl) B pwlwl j bl Silwedro
items.sort(key=lambda x: x.value / x.weight, reverse=True)

current_weight = 0 # _niduaeS (sd=d Ujg
final_value = 0.0 # (sidvaeS ovlpi i)yl

for item in items:

if current_weight + item.weight <= W: # saiis0 > JolS st LS/
current_weight += item.weight
final_value += item.value

else: # pubesor | Ol jl Csiices dgiinsoi > JolS cois ,S]
remaining weight = W - current_weight
final_value += item.value * (remaining_weight / item.weight)
break # <iwl ow u (sidyasS

return final value

# siiy@eS uST> uig 9 bewl 1 s :Jbio
items = [Item(60, 10), Item(100, 20), Item(120, 30)]
W = 50

max_value = fractional_knapsack(W, items)
print(f"Maximum value we can obtain = {max_value}")

Maximum value we can obtain = 240.0
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Total bits = Z d; X 1. freq

:2S oaslie puj GIF (5 swlgie |) wslw J=lhe

fEzzea] o | emne ] inza) e iz
MIN~-GUELE

B podlo ey wslw 3

B podld sy gl b @ilgi g Lo ullS Layy=i

In [1]: # codld ey Slao,S shy s
class MinHeapNode:
def __init_ (self, data, freq):
self.data = data # uSLG5
self.freq = freq # ,SLE pwils)d
self.left = None # > W9 a ,S0,Lul
self.right = None # ciwl, W9 a ,So,Lul

# Jol> cuwd Sy pwMs
class MinHeap:
def __init_ (self, capacity):
self.size = 0 # cud s sd=d Sloo,S sl
self.capacity = capacity # cwd wudb
self.array = [] # (00,5 o5 Sy cowd

E1 Min Heap ly SwoS gilgi

In [2]: # wis> oS & sl sy &b
def new_node(data, freq):
return MinHeapNode(data, freq)

# Joli> s sl Sl gl
def create_min_heap(capacity):
return MinHeap(capacity)

# 0,8 95 page Shy &l
def swap_min_heap_node(a, b):
a, b =">b, a



return a, b

# Sl s @ o St Sy @b
def min_heapify(min_heap, idx):
smallest = idx
left = 2 * idx + 1
right = 2 * idx + 2

if left < min_heap.size and min_heap.array[left].freq < min_heap.array[smallest].freq:
smallest = left

if right < min_heap.size and min_heap.array[right].freq < min_heap.array[smallest].freq:
smallest = right

if smallest != idx:
min_heap.array[idx], min_heap.array[smallest] = swap_min_heap_node(min_heap.array[idx], min_heap.array[smallest])
min_heapify(min_heap, smallest)

def is_size_one(min_heap):
return min_heap.size ==

# s 5l 0,5 Jsl> elxiwl sy U
def extract_min(min_heap):
temp = min_heap.array[0]
min_heap.array[0] = min_heap.array[min_heap.size - 1]
min_heap.size -= 1
min_heapify(min_heap, 9)
return temp

#ooud > Wix 0)S & g Sl &b

def insert_min_heap(min_heap, min_heap_node):
min_heap.size += 1
i = min_heap.size - 1

while i > @ and min_heap_node.freq < min_heap.array[(i - 1) // 2].freq:
min_heap.array[i] = min_heap.array[(i - 1) // 2]
i=(1-1)//2

min_heap.array[i] = min_heap_node

# S>> cwd el sly gl
def build_min_heap(min_heap):
n = min_heap.size - 1
for i in range((n - 1) // 2, -1, -1):
min_heapify(min_heap, i)

B podlo ) wslw gilgi

# osh U S>> cud US v 9 wlw Sy &b
def create_and_build_min_heap(data, freq, size):
min_heap = create_min_heap(size)
for i in range(size):
min_heap.array.append(new_node(data[i], freq[i]))
min_heap.size = size
build_min_heap(min_heap)
return min_heap

# podld e sl sy gl
def build_huffman_tree(data, freq, size):
left = right = top = None
min_heap = create_and_build_min_heap(data, freq, size)

while not is_size_one(min_heap):
left = extract_min(min_heap)
right = extract_min(min_heap)

top = new_node('$', left.freq + right.freq)
top.left = left
top.right = right

insert_min_heap(min_heap, top)

return extract_min(min_heap)

0 podld gloss ol zilgs

def is_leaf(root):
return not root.left and not root.right

# s all ol Sl b
def print_arr(arr, n):
for i in range(n):
print(arr[i], end="")
print()

# podld sloas ol sl b



def print_codes(root, arr, top):
if root.left:
arr[top] = ©
print_codes(root.left, arr, top + 1)

if root.right:
arr[top] =1
print_codes(root.right, arr, top + 1)

if is_leaf(root):
print(f"{root.data}: ", end="")
print_arr(arr, top)

# baS oz 9 Gdld )y cslw Sy ol gl
def huffman_codes(data, freq, size):
root = build_huffman_tree(data, freq, size)
arr = [0] * 100
print_codes(root, arr, 0)

# JGwo gly=l

# bywls)s 9 Wosls :Jlo
arr = ['a’, 'b’, 'c’, 'd", ‘e, 'f']
freq = [42, 20, 5, 10, 11, 12]

# oodld b s>/
huffman_codes(arr, freq, len(arr))

9
100
lo1l
1100
1101
111
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ABL(T') — ABL(T) = f(y) depth(w,T) + f(w) depth(y,T) — f(w) depth(w, T) — f(y) depth(y, T)
= f(y) (depth(w, T) — depth(y, T)) + f(w) (depth(y,T) — depth(w,T))
= (f(y) — f(w)) (depth(w, T) — depth(y,T))
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fi=1
fn — fn—l + fn—2

# 2lgnd shicl acwlzo Sl o5lw siiSib &G
def f_naive(n):
ifn<2: #,5Inoses b1 b0 ulyn oSy,
return n
return f _naive(n - 1) + f _naive(n - 2) # (s>lgwd acwlzo Shy niiSil silg>1)9



# axii ol> 9 S99 bl :Jlo
n = int(input("e n € 2y 1y "))
print(f"sbsé 2 {n}el: {f_naive(n)}")
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# Loy swwgiaolyy jl oslsiwl U szlgud shicl avwlzo Sly aups U
def fibonacci_dp(n):

# s>lgud usléo 0,033 Sy cowd S sl

f=1[0] * (n+1)

f[0] = 0 # Sl adsl ,l1s0 F(0)

fl[1] =1 # Sly adsl ,l1s0 (1)

# 6 2 | solbgwd uslio awwlzo n

for i in range(2, n + 1):

f[i] = f[i - 1] + f[i - 2]

return f[n]
# axi olz 9 S99 <l :Jlio
n = int(input("ae= n S 3l 1) "))
print(f"ealbsé e {n}a: {fibonacci_dp(n)}")
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class Job:
def __init_ (self, start, finish, profit):
self.start = start
self.finish = finish
self.profit = profit

def binary_search(jobs, target_start, low, high):
# S3liiopuc Jouis u-’)>[ Us,S Ty Sl (59395 Somius>
result = -1
while low <= high:
mid = (low + high) // 2
if jobs[mid].finish <= target_start:
result = mid
low = mid + 1
else:
high = mid - 1
return result

def find_last_non_conflicting job(jobs, n):
return binary_search(jobs, jobs[n].start, 0, n - 1)

def max_profit(jobs, n, memo):
if n < 0:
return 0
if n ==
return jobs[0].profit
if memo[n] is not None:
return memo[n]

# ool o b J3luiope Jow o3l 0,8

index = find_last_non_conflicting_job(jobs, n)

# o ded Jow usS Jolw U s9w acwlzo
incl = jobs[n].profit
if index != -1:
incl += max_profit(jobs, index, memo)

# od2d Jow 0SS 26 U sew acwlxo
excl = max_profit(jobs, n - 1, memo)

# g0 adls > A oS
memo[n] = max(incl, excl)
return memo[n]

# bJew ;I i :Jlo

jobs = [
Job(1, 2, 50),
Job(3, 5, 20),
Job(6, 19, 100),
Job(2, 100, 200)

]

# obl olo; pwlwl o B Jsw Sijlwiro
jobs.sort(key=lambda x: x.finish)

# cbgo gul 05 Shy o Sl
memo = [None] * len(jobs)

# 9w sty wlzxo
result = max_profit(jobs, len(jobs) - 1, memo)
print(f"The maximum profit is {result}")

The maximum profit is 250
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# wMs G, Job s o olcMbl )l sy
class Job:
def __init_ (self, start, finish, profit):
self.start = start
self.finish = finish
self.profit = profit

# d2d Joir b 5Ll Jowir g3l gidl Sy (939> Soziu> g
def find_last_non_conflicting job(jobs, i):
low = @
high =i - 1
result = -1
while low <= high:
mid = (low + high) // 2
if jobs[mid].finish <= jobs[i].start:
result = mid
low = mid + 1
else:
high = mid - 1
return result

# Lo seaygiaoliy jl osleiwl b sgw pupiiny awlzo Sl slol g/
def max_profit_dp(jobs):
# obl oloj wlwl v U sw Sijlwciiro
for i in range(len(jobs)):
for j in range(i + 1, len(jobs)):
if jobs[i].finish > jobs[j].finish:
jobs[i], jobs[j] = jobs[j], jobs[i]

n = len(jobs)

# Jow 10 U sgw opinitn 0,033 Sy Joax sl

max_profit = [0] * n

max_profit[@] = jobs[@].profit # [ew ool Sy adyl liso

# U & gl 9o @ Jsiz 035
for i in range(1, n):
# o ded Jouw ozl 9o ;5 dS9w wlzo
incl = jobs[i].profit
index = find_last _non_conflicting_ job(jobs, i)
if index != -1:
incl += max_profit[index]
# ded Jew bl pac § ol Gw dew iy ool
max_profit[i] = incl if incl > max_profit[i - 1] else max_profit[i - 1]

return max_profit[n - 1]

# e cowd W
jobs = [
Job(1, 2, 50),
Job(3, 5, 20),
Job(6, 19, 100),
Job(2, 100, 200)
]

# oS00 d9w vy ol 9 aewlxo
result = max_profit_dp(jobs)
print("The maximum profit is", result)

The maximum profit is 250
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Cc=10
coins = [1, 5, 6]

1M0=6+1+1+1+1(Greedy =5)
10 =5 + 5 (Optimal = 2)

# BaSlw sliei Sdg,9 <l
n = int(input())
a = [0] * 100

# alw 8 160 <)
for i in range(n):
a[i] = int(input())

# Sx920 iy U Balw Sjlwidro
for i in range(n):
for j in range(i + 1, n):
if a[i] > a[j]:
al[i], a[j] = a[j], a[i]

# 038 33 Sl b 390 glo )
C = int(input())
answer = 0

# owl o W il b sboasw I yiyloy

for i in range(n - 1, -1, -1):
num = C // a[i] # €9 jl puilyiso a5 suldaSw >laei afi] pulsy
C -= a[i] * num # owilo sl glw jl oawcsls,y ,liso UsS oS
answer += num # vl Gl @ Balw slei 0>,S adlol

print("Greedy answer:", answer)

Greedy answer: 1

2 dag Dlo=> 35S 1wy g,

S L |) gy Slg= aS 35S >hb Hdg) Ulgiue Job2 duinw AS Gw Uide o2l pXle> I U8
b 1 ylado C.x.">|.)),.g Sl aSow dlasi ¢ yieS plp Opt[l] (o.uS UD)B ‘o.usuo o> &l LJ9J wawgidely 1,0l glp

Opt[C] 9.0 aliimo Ll aiyi ol @

# alw gloil sl <)
N = int(input())
w = [0] * 100

# alw L0 ,lis0 <)
for i in range(N):
wli] = int(input())

# 03,8 5,3 Sl b 3,90 &l 8l
c = int(input())

# al)l szl opt U ,laéo 0 Sly aSaw Slai urinS Sl Sy ¢
opt = [10**9] * 1001 # culpiisv Sjlwaww Sy b adsl lis0
opt[0] = 0 # Ciwd SlaSw gud v jlu s glo Sy

# all 05,8 opt Loy seuwygiqoliypy sl osloiwl
for i in range(1, c + 1):



for j in range(N):
if w[j] <= i:
# aSw jl oslaiwl U aSyl sy w[F] & U cowl ,ips
candidate = opt[i - w[j]] + 1
if candidate < opt[i]:
opt[i] = candidate

# Spuiyolsol sowyw U sulpy Gawl ol>
if opt[c] == 1o**9:

print (" sadesly glaaSu b Galy B8 i o) e, M)
else:

print("Optimal answer:", opt[c])

Optimal answer: 2
- * * *
Gloj Jal=i
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(LCS L Longest Common Subsequence) Syisio (gallsdpj e yidids :pgw galluo ©
(Sequence Alignment) loallss jl)i :p)lem (luo @

(LIS L Longest Increasing Subsequence) g>g9s0 (gl ¢pi3ib jpiy glluo @

I a0

L |y Jguv 0 J= (Dynamic Programming) Loy uwgiaely SoS @ as Lbiluwe jl 1305 Jlie diz puyld 3uad (s ¢l 5o

LERS (S p) ED
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:Jlgw

2l b 5l 1) oy o icawlio pudlgs o g Cuwl 630 6315 Lo @y (Ay, Ay, ..., An) Wy @) lojuujile I allid S auS (15,9
oS o gy yile
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(AB)C = (10 x 30 x 5) + (10 x 5 x 60) = 1500 + 3000 = 4500 operations

A(BC) = (30 x 5 x 60) 4+ (10 x 30 x 60) = 9000 + 18000 = 27000 operations
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# ouwpilo wpo aid GinS Gwlzxo Shy iiSib gl
def recursive_matrix_chain(p, i, j):
if i == j:
return 0 # Ccowi o v Sili o puwle S hsd

ans = float('inf') # SjlwaiwsS ly adyl liéo
for k in range(i, j):
# Ul o Aid Awlzo 9 Lu 95 U 0juj puiuds
operations = recursive_matrix_chain(p, i, k) + recursive_matrix_chain(p, k + 1, j) + p[i - 1] * p[k] * p[]]
if operations < ans:
ans = operations # ayid (wrinS vlw)jg

return ans



# ouyilo slel )l i

arr
n =

= [30, 35, 15, 5, 10, 20, 25]
7

# lopilo wpo aid eSS iz 9 awlzo
print(recursive_matrix_chain(arr, 1, n - 1))
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A {i..j}=A _iA {i+1}...A j o pilo duwl=o gl LS )90 (Gl Sl (pyieS dp[i][7]
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i<k < G ool as aiSue

o2l opo digjo ogle @y (A_{k+1..3} 9 A_{i..k} auwl=e digjo (yiaS b g aolg> ply dp[i][J] wygeo ol )d
9 pd (G aS udS lgize cuwl PLi-1]xp[i] ply AL Gusile sleil aS lagl il )S03S0 ) puyile 95

rendS lgie olpby - p[1-11.p[k].p[J] U cuwl plo A_{k+1..3} o A_{i..k} oyl

0 i =
AU =\ min {dpla)[k] + dplk + 1]13] + pli — 1]. p[K]. P} i<

dMUl.’k»OdS'OJQ.uuo az>gio ¢C4§>u05b¢dp 6L®¢UL“> UD)S QHAngsl)g dL‘> .D)b )|)§ dp[1][n] ) LTL‘DI (Sd.lium C-WL’
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# gy U buwyile wpo aid GpiaS aawlzo Sl 2 bottom-up
def matrix_chain_order(p, n):
MATRIX_COUNT = 201
dp_matrix = [[@] * MATRIX_COUNT for _ in range(MATRIX_COUNT)] # ldaiyd Joi>

# cowl js0 Jusgd b pupile S oo Aot adsl sds)lise
for i in range(1, n + 1):
dp_matrix[i][i] = ©

# L soanyilo opzij Job
for 1 in range(2, n + 1):
for i in range(1, n - 1 + 2):
j=1i+1-1
dp_matrix[i][j] = float('inf') # Sjlwaiwns Sly adyl liso
for k in range(i, j):
# ol o apd b go> 9 Jiudy 95 o Agid wlro
cost = dp_matrix[i][k] + dp_matrix[k + 1][j] + p[i - 1] * p[k] * p[]]
if cost < dp_matrix[i][j]:
dp_matrix[i][j] = cost

return dp_matrix[1][n]

# Buwilo Slel al)l i
p = [30, 35, 15, 5, 10, 20, 25]

# Buwyilo wpo ayd GrinS oz 9 wwlo
print(matrix_chain_order(p, 6))
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# vl 9 oslw Ly @ (siciy@sS aliwo J> Sly siiSiL &b
def knapsack_naive(n, V, volume, value, i=0, occupied=0, value_sum=0):
if i == n:
return value_sum # _wl>/ cowd Sbol & viw,
ans = -10**9 # S;lwaiciw Sl adyl jliso
if occupied + volume[i] <= V:
# wlsl as Sy J> aolsl g (wd2d juwi> ol
taken = knapsack_naive(n, V, volume, value, i + 1, occupied + volume[i], value_sum + value[i])

if taken > ans:
ans = taken

# wlel s sl J> aols] 9 (sd2d juwi> kil pac
not_taken = knapsack_naive(n, V, volume, value, i + 1, occupied, value_sum)
if not_taken > ans:

ans = not_taken

return ans

# aliwo Sloosh o0

n =4

vV =13

volume = [5, 6, 7, 2]
value = [10, 20, 30, 40]

# oSao yupl o ol 9 awlzo
print(knapsack_naive(n, V, volume, value))
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as) pl N iz Gij)l b 1) albiwoyj ¢l jl 036 duwlxo Olg> g .@ud> j[}8 V - volume[n] J& pms> b vy dgS Sy
S goz (@l> )8 GisnalsS )5 1) o

px= b GiinalsS 5o 1) ©31ass b 50 Gz N-1 gyl aS Gl ol 3le bl ainge sz )5 el N puiz @ Sl g
x> )8V JI

EAS Q)2 cUgfu,gl L, oo dp aolu

S5 L8 W JU pzx b GlagS )3 Jol puiz 151 esliiuwl b plgie oS i)l o yising : dp[1] [w]

1S auwlo pj JSoib o 1) dp ol eailgie (@uiaS Vb )5 aS jobglas

dpli|[w] = max(dp[i — 1][w], dp[i — 1][w — volumeli]] + valueli])



awl oy S 4 gleayy el

Vw : dp[0][w] =0

Zuwl dp[n][V] > allwo Zawly g

bottom- g0 @ ) dp @)l ¢y 00 Ylgie @ 3wlgi oo -l 630l Memoization Swuss 1 eslaiuwl b aobp ¢pl S 05 >

# siivaeS x> 9 wln! slei uSlhs Sly beul e
MAX_N = 1000
MAX_V = 2000

# Jou> sl dp owaiwlzo gyl o33 Sly
dp_knapsack = [[-1] * MAX_V for _ in range(MAX_N)]

# siivasS aliwo J> Shy S)liSakdl> U wiiSib gl
def knapsack_memoize(n, w, volume, value):
if n < 0:

return 0 # cowl ,s0 sl ouiloi (88U s> guod

if dp_knapsack[n][w] != -1:
return dp_knapsack[n][w] # slI odwawlzo ,l1s0 ;/ oslewl/

# oS soi ozl [ sded juis gl cdl>
ans = knapsack_memoize(n - 1, w, volume, value)

# puiScso olxil [, (wd2d juwi> o > )37 109> wll>
if w - volume[n] >= O:
candidate = value[n] + knapsack_memoize(n - 1, w - volume[n], volume, value)
if candidate > ans:
ans = candidate

dp_knapsack[n][w] = ans # Suw Sosliiwl Sy azii 03
return ans

# aliwo Sldosls sy
n=24

V =13

volume = [5, 6, 7, 2]
value = [10, 20, 30, 40]

# oSoo il iy olr 9 aewlzo
print(knapsack_memoize(n - 1, V, volume, value))
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x[1:1]=\1angle Syuie allisys oSy Job : dP[1[F] 35S Udsd Logibe 3ylg DP &S camlzgl Jlo
Al y[1:j]=\1langle y_1y 2...y j\rangle g x_1x_2...x_i\rangle
1940 il 1 g0 @ DP ol Vb glisow @ib
(0 t=0o0rj=0

dpli|[j] = { dpli —1][j — 1] +1 T; = Y
max(dp[i][j — 1],dp[i — 1][5]) = # y;

S oo line lgie |y Jlgaw ol 35 <) 5o

39,9 Sloaw, Gy
" ABCDGH"
"AEDFHR"

#
X
y

# Joa> slzl dp Job S)lapSG Sl LCS @iy, o Sy
dp_lcs = [[@] * (len(y) + 1) for _ in range(len(x) + 1)]

# Joa> ws,S L dp bLa sewwgiaoly i oslewl b
for i in range(1, len(x) + 1):
for j in range(1, len(y) + 1):
if x[1i - 1] == y[] - 1]:
# dob @ il by 6,658 51 LCS puiScso aSlol ) (s lid
dp_lcs[i][j] = dp_lcs[i - 1][] - 1] + 1
else:
# paiSoo bl [ ,uShE 1 6o Si> G Jlabe Gy «ygo ool sl >
dp_lcs[i][j] = max(dp_lcs[i][]j - 1], dp_lcs[i - 1][3F])

# Syido dlisy; g Jeb ol
print(dp_lcs[len(x)][len(y)])
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Ll ya0 Job as gy ay auold
a ol 3S ) 5> 35S (gjlwesly bottom-up L (memoization jl eslaswl L) top-down g @ | wisyeSl ¢l 3S Blgie

.l 63wl bottom-up g,

# Sdgy9 Sldaiw, e
"AGGGCT"
"AGGCA"

< X
nn

# b pic ayid puwyile 9 Aold ayid e

MAX_CHAR = 255

delta = 3

alpha [[@] * (MAX_CHAR + 1) for _ in range(MAX_CHAR + 1)]

# suwilo (sd>)lé0 alpha: ,uSLHES o el pac aiyid
for i in range(MAX_CHAR + 1):
for j in range(MAX_CHAR + 1):
alpha[i][j] = @ if i == j else 2

# Joa> sl dp silbi aigpd GypinS S)lapS Shy
dp_seq = [[@0] * (len(y) + 1) for _ in range(len(x) + 1)]

# cwl GSoo ddols U hsd I Sai, U sl :adsl sds,l160
for i in range(len(x) + 1):

dp_seq[i][@] = i * delta
for j in range(len(y) + 1):

dp_seq[@][j] = j * delta

# Joa> us,S L dp Sow s> aw I osleiwl b
for i in range(1, len(x) + 1):
for j in range(1, len(y) + 1):

cost_match = alphalord(x[i - 1])][ord(y[j - 1])] + dp_seq[i - 1][] - 1]
cost_gap_x = delta + dp_seq[i - 1][]]

cost_gap y = delta + dp_seq[i][]j - 1]

dp_seq[i][j] = min(cost_match, cost_gap_x, cost_gap_y)

# a) 95 lbi Ao prieS olx
print(dp_seq[len(x)][len(y)])

5

Longest Increasing Subsequence) g>g9su0 (gaJlinygj (32 yididy 1oy (g luo
~ (LIS U

¢ (LIS) @90 callidgj o5y jl e Jlo

Longest
increasing 1 2 3 2 3 4 3

subsequence

arr = [1,3,2,3,5,6,7] LIS = [1,2,3,5.6,7]

o LIS gl uiSjb yivg,

S g |y 6920 Jlgi (353l pasdlgs 0 g Cuwlossi 631> arr[0..n-1] all o ay 36S (159

)5 b 1) ;i J=he 0lgise 6355 Ug) Sa vlgic ay

b ol grae 3T arer[i] ol ;> aS cuwl LIS Jgb L(1) @S0 oy ©

09l w5 JSib @y GaSib g ay |y L(1) euilgie Jl> o

L(i) = 1 + max( L(j) ) where 0 <j <iand arr[j] < arr[i]; or L(i) = 1, if no such j exists.
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‘o..us duwl=o 1) max(L(1i)) <l L,éLS wgd9swo dludyj 23k Job U.))gT Cowdas gl

# Ssgeo Alisy; puisd Jeb acwlzo Sy iniSib @b (LIS)
def _lis(arr, n, max_ref):
# o> paic S hsd i@l >
==
return 1

max_ending_here = 1 # Job LIS U aS arr[n-1] seuso ploj

for i in range(1, n):
res = _lis(arr, i, max_ref)
if arr[i - 1] < arr[n - 1] and res + 1 > max_ending_here:
max_ending_here = res + 1

# LS s Hlaso ilw)igrv
if max_ref[0] < max_ending_here:
max_ref[0] = max_ending_here

return max_ending_here

# Job awlzo Sly ol g LIS
def lis(arr):
n = len(arr)
max_ref = [1] # Subel)l Sy cowd 1 osloiwl
_lis(arr, n, max_ref)
return max_ref[0]

# aigos bl b coww
arr = [10, 22, 9, 33, 21, 50, 41, 60]
print("Length of LIS is", lis(arr))

Length of LIS is 5

ul LIS Jlee JUo

@S apwlzo ¥ 05l b )T S5 (59, ) Vb i)oS)l pasdle> 0 3aS (15,9

lis(4) /| lis(3) lis(2) lis(1) // lis(2) lis(1) lis(1) / lis(1)

: DP U gjlwaing:

5l aS ol yigy plplo . 35g8 50 duwlxo o)l g o)L auljT glacl jl (pas aS g0 63 line «(luwlxo us)> @ az>gi b
S d>g5 43S azhd 4y .5)S eslatwl (DP) Lgy uwgiaely 5,509,

def binary_search(tail, target):
# aS el ool 0>S [y tail[idx] >= target
left, right = 0, len(tail) - 1
while left <= right:
mid = (left + right) // 2
if tail[mid] < target:
left = mid + 1
else:
right = mid - 1
return left # g9/ b il Sly wwlio cusdgo

def 1lis_nlogn_manual(arr):
tail = [1 # lodlis, Slul S)lpS Shy wSoS o

for num in arr:
idx = binary_search(tail, num)
if idx == len(tail):
tail.append(num) # cowl aod jl S, Li> sic
else:
tail[idx] = num # (Soo ,laéo curinS bs> Sy il

return len(tail)

# @gos Sosls U cows
arr = [10, 22, 9, 33, 21, 50, 41, 60]
print("Length of LIS is", 1lis_nlogn_manual(arr))

Length of LIS is 5



LIS gjlwaing 9 Siloj Jul=xd

LIS ¢3S oy she 0(n \log n) iloj adipe jl ein)eSl puslgs 0 Jlo . abbize 0(N™2) YU ein)eSUl Giloj Sz

2> i)l

. LIS gl O(n log n) @iy,eSJl Glol ol
@ .S Gilwyioy |y lgs ol Wz sxe Gulwly g @yl 65 1) Jl=8 o llgi da aS cuwl ¢l @iyeS)l ol Guol oyl

g azxgi iy JUle

A =1[2,8,7] subseql = [2,7], subseq2 = [2,8]

51 LIS @iyo8l g3y al>y0

238l 0 LA 4z (@S adlal A aliay | 11 sac )31 Jl>

A=1[2,8,7,11] subseql =[2,7,11], subseq2 =[2,8,11]

2 LIS pigyoS)l a5 aloge

€338l o LBl Az (ouS adlsl A ayliay ]y 9 sae SI Jl>

A=12,8,7,11,9] subseql =[2,7,9], subseq2 = [2,8,9]

@ LIS @ligyoSl 5> (5525 paauci

51§ 2,5 B> |y ¥ JIgh olgie UT 9 338 02,5 a8Ls1 b ks 2l Sl Gulusl 0l 3 Lo 6 peSapencts gbly >
S doldl 11 L as wuwl yigy b sy

uils aaslgs (65 HVgb Llgi « 10 s auh adlbl wyguo )5 aS v ¢l bo Lkl e

B g 332> dae (939j91 ) (5 S pr0udi

aolsl GLd slacl Glad L b oS 925500 b puss )L3 1) 303> sae LT aSiol ggolyw bo (55 pueual aS cuwlxiol Jlgw Jl>
T5gs Adlg> igS> pud>
1S (5)9b @ Al aidl> 5929 (1 < J) aS A[J] sae Sy Sl auS adldl 39290 Jlgi Sy au |y A[1] dae puilgie bo

E <A[i] <A[j] or (E> A[i] <A[j] : for replace)

« LIS lS)'SPM e Jbo

] Jlgi guae ()3T B aS gy9b @
AL Jbo 5>



def ceil_index(tail, left, right, key):
while right - left > 1:
mid = left + (right - left) // 2
if tail[mid] >= key:
right = mid
else:
left = mid
return right

def lis3(arr):
if not arr:
return 0

tail

= [@0] * len(arr)
length =

1 # Job LIS al=d
tail[@] = arr[0]

for i in range(1, len(arr)):

if arr[i] < tail[e]:
# paic ool Gl — ad 5l uSzeS Wi lAdo
tail[@] = arr[i]

elif arr[i] > tail[length - 1]:
# Sl & — aosd | S, LIS seuisso adlol
tail[length] = arr[i]
length += 1

else:
# aS S)léo upS>9S U il >= arr[i] cowl
idx = ceil index(tail, -1, length - 1, arr[i])
tail[idx] = arr[i]

return length

v = [10, 22, 9, 33, 21, 50, 41, 60]
print("Length of LIS is", 1is3(v))

Length of LIS is 5
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def max(x, y):
return x if x > y else y

f 3>y O Jliuwo dcgoxo

acgazo (23S 03)S 13 )by Glakiue g (sl WIS |5 Jdtue glddcgamo )R @ Eadlg> 0 Lk ol 5o
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LIS(v) = max{Zychitarento) LIS(W), 1 + Sucgrandehitdren(s) LTS (1)}

& GSL gl G

U2 (S gl 3)S Y= ) aliuwe Ylgize ASIL wyguo @) Mo S @ (eudygl Cuwd @y Ju8 Lindujy) )d @S g @) @b
Sl Lldo Wyguo 4y o J= (315 355,8 9> SSlas Gl o) Cuwl 29395 Hlrakin) s )d Sy s 3590 uS)d @S0

FEAS S0 LR =2 u3|)§ LY LS)L)QSJ Sl WS jobio ol gl dgbe )|.3.§|9 odilgs ay IS wll>

class Node:
def __init_ (self, data):
self.data = data
self.left = None
self.right = None
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def LIS recursive(root):
if root is None:
return 0

# Caww ole> o audy, ) aJl>
size excl = LIS recursive(root.left) + LIS recursive(root.right)

# ol vl Gl g ewd Ol 5 ady, (T >
size_incl =1
if root.left:
size_incl += LIS_recursive(root.left.left)
size_incl += LIS_recursive(root.left.right)
if root.right:
size_incl += LIS _recursive(root.right.left)
size_incl += LIS_recursive(root.right.right)

return max(size_incl, size_excl)

# dgoi w3 ceslw

root = Node(10)

root.left = Node(20)
root.right = Node(390)
root.left.left = Node(40)
root.left.right = Node(50)
root.right.right = Node(60)

# ole> oz 9 awlxo
print("Size of Largest Independent Set is", LIS_recursive(root))

Size of Largest Independent Set is 4
B (529590 Ca2)yd Sy (gl diwo = :(Jlio

teaS 0 U= 1) diume yu5 <) gl Jlie glgie ay . po0)gl cawd @y olgd> (9395 wis)d Sy sl |) Llg> pslgie Jl=

# Jbo slho ) cslw

root = Node(10)

root.left = Node(20)
root.left.left = Node(490)
root.left.right = Node(50)
root.left.right.left = Node(70)
root.left.right.right = Node(89)
root.right = Node(390)
root.right.right = Node(60)

print("Size of the Largest Independent Set is", LIS_recursive(root))

Size of the Largest Independent Set is 5

& U2yl
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class Node:
def __init_ (self, number):
self.number = number
self.children = []

self.D = @

# 0,5 ool Jol

self.Dp = @ # 0,5 ¢ul Usw

def DP(v):
V.D = 1 # pouiSiso wlus [, yudes il ole> 53 0,5 ol 51

T ol v So gl wlgz auwl=o

(A0S azgi pias b ay) eudygl Cuwd o ewlgie wulys ol 4 yols Lwl) Su gl e 1) e wlg>

for child in v.children:

DP(child)

v.D += child.Dp # aiwl wli Jiwiluijg ol ole> 55 0,5 ol LS

v.Dp += max(child.D, child.Dp)

print(f"Node {v.number}: D = {v.D}, Dp = {v.Dp}")

# 00,5 clw
nodes

root

Node(9)

{i: Node(i) for i in range(1, 16)}

# oo sl csle

nodes[5].children.
nodes[1].children.
nodes[8].children.
nodes[9].children.
nodes[3].children.

append(nodes[10])

extend([nodes[4], nodes[5], nodes[6]])
extend([nodes[11], nodes[12]])
extend([nodes[13], nodes[14], nodes[15]])
extend([nodes[7], nodes[8], nodes[9]])

root.children.extend([nodes[1], nodes[2], nodes[3]])

DP(root)
print("Size of the Largest Independent Set is", max(root.D, root.Dp))

Node 4: D =1

Node
Node
Node
Node
Node
Node
Node
Node
Node
Node
Node
Node
Node
Node
Node
Size

, Dp =0
10: D=1, Dp = @
5: D=1, Dp =1
6: D=1, Dp = @
1: D=2, Dp = 3
2: D=1, Dp = ©
7: D=1, Dp = ©
11: D=1, Dp = ©
12: D=1, Dp = ©
8: D=1, Dp = 2
13: D=1, Dp = @
14: D=1, Dp = @
15: D=1, Dp = @
9: D=1, Dp = 3
3: D=6, Dp = 6
0: D = 10, Dp = 10
of the Largest Independent Set is 10

# Uslil Olwijyg cils 0,5 ol 31
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https://www.geeksforgeeks.org/largest-independent-set-problem-dp-26/
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INF = 10**9 + 100

def prim(parent, adj):
# acgozo ,5 ywly) Ul aSul 0s,S Laxdw Sl Slall MST @ b syl L8
in_set = [False] * N

# led acgazo 4 gwly 4o Jlail Sl b Gopips
best_edge = [INF] * N

best_edge[0] = 0 # - uyé_ﬂ E9 )i

parent[0] = -1 # o9 Adlgs s Ay, ¢ UJL

min_cost = 0 # aiwS Sligy <3 JS ayid

for _ in range(N):
v = -1
# 3l acgazo w0 JU oupiaS a5 ol 0s,S Iy
for j in range(N):
if not in_set[j] and (v == -1 or best_edge[v] > best_edge[j]):
v=7]

min_cost += best_edge[v] # orwolzul Jb ujg us,S adlol
in_set[v] = True # acgoxo W ywl, Us,S adlol MST

# acgazo jl e)l> Slogwl) Shy I voigs siluias
for u in range(N):
if adj[v][u] !'= @ and not in_set[u] and adj[v][u] < best_edge[u]:
best_edge[u] = adj[v][u]
parent[u] = v

return min_cost

# buie SIS wglxe puusile e

g =
[e) 3) 4) e) 0])
[3, 0, 2, o, 1],
[4, 2, 0, 9, @],
[0.! e) 9) e) 5])
[0, 1, o, 5, @],

1

p=1[0] * N # e Silwib sShy o,y al]
# i olx 9 pieSl Sl

print(prim(p, g))

for i in range(N):

print(p[i], end=" ")
print()
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# i Silwosly Prim  siws Cuglyl o 9 Oyglzo cowd jl 0slsiwl b
def prim(parent, adj):

# Ujg ouriaS b wuls slodl )l Sl cughl o

candidates = []

# acgozxo ,> why Ul aSul oxiSyagsio MST @ U >l 19
in_set = [False] * N

# led acgazo 4 gl o Jlail Sl b Gupips
best_edge = [INF] * N

best_edge[0] = ©

parent[0] = -1

# Cughl o @ gords pwl) 0, adlol
candidates.append((0, 0)) # (uwl o)loi (Ujg)

min_cost = @ # awoS Sluwg < S ayd
while candidates:

# Cughl o I g pupieS b Jb 0S8 [y
min_index = ©



for i in range(1l, len(candidates)):
if candidates[i][@] < candidates[min_index][@]:
min_index = i
v = candidates[min_index][1]
candidates.pop(min_index)

if in_set[v]:
continue

min_cost += best_edge[Vv]
in_set[v] = True

# gl 4 Jaio SOOI sawp v
for u, w in adj[v]:
if not in_set[u] and w < best_edge[u]:
best_edge[u] = w
parent[u] = v
candidates.append((best_edge[u], u))

return min_cost

# olzo cowdd Gygo @ SIS e
g=1
[(1, 3), (2, &)1,
[(e, 3), (2, 2), (4, 1)],
[(e, 4), (1, 2), (3, 9)],
[(2, 9), (4, 5)],
[(1, 1), (3, 5)]
1

p=1[0] *N # e Silwib sl b,y 2/

#oaxi ol 9 pusSil Sl

print(prim(p, g))

for i in range(N):
print(p[i], end=" ")

print()
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# Jb pwMs e
class Edge:
def __init_ (self, first, second, weight):
self.first = first # Jb L@/()UL
self.second = second # Jb 09> Ll
self.weight = weight # Jb ujg

# SLS LwllS Gy
class Graph:
def __init_ (self, vertice_num, edge_num):
self.vertice num = vertice num # (o wl, sl
self.edge_num = edge_num # bJl sl
self.edge = [None] * edge_num # loJL cowd

# pasdw Jb 9 gl sl U SIS colw gl

def make_graph(vertice_num, edge_num):
graph = Graph(vertice num, edge num) # Jb o owl shiei U OIS cosi sl
graph.edge = [Edge(@, @, @) for _ in range(edge_num)] # (bJU cewd adyl sd>)l1s0
return graph # oLwaislw JLS vuls,S;l
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o2l e ) L lixo (gacgozo Su D s bl HlwsSy °9)§).A.U bga Sl ¢plplu ..).3|.))§U,o).g Sgui 0 Jold |y guac
‘o.u.s Sy union wbdoc U l) dcgozo 95 WL Wygo
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# 95 paceid Sy [ixo Sldacgazo ,lslw
class DisjointSet:
def __init_ (self, parent):
self.parent = parent # acgo=o ,u
self.count = @ # Silwaips Sy w35 goc union

# gac aS Slacgazo (09,5,w) odisloi UsS Iy 1 cowl Ol >
def find(disjoint_sets, i):
if disjoint_sets[i].parent != i:
disjoint_sets[i].parent = find(disjoint_sets, disjoint_sets[i].parent)
return disjoint_sets[i].parent

# [i=o acgozo 95 Sy

def union(disjoint_sets, x, y):
xroot = find(disjoint_sets, x)
yroot = find(disjoint_sets, y)

if disjoint_sets[xroot].count < disjoint_sets[yroot].count:

disjoint_sets[xroot].parent = yroot
elif disjoint_sets[xroot].count > disjoint_sets[yroot].count:
disjoint_sets[yroot].parent = xroot

else:
disjoint_sets[yroot].parent = xroot
disjoint_sets[xroot].count += 1

# pineS)l Kruskal @S slig sy sl Sl
def kruskal(graph):
vertice_num = graph.vertice_num
result = [] # <l owolul SloJl cowd MST

# Uiy pwlwl 5 b Sjlwciyo
graph.edge.sort(key=1lambda e: e.weight)

# ixo Sldacgoxo adsl sd>)l 160
disjoint_sets = [DisjointSet(i) for i in range(vertice_num)]

0 # orwolzul sSlbJl ow)low

while e < vertice_num - 1 and i < graph.edge_num:
next_edge = graph.edge[i]
i+4=1

X
y

find(disjoint_sets, next_edge.first)
find(disjoint_sets, next_edge.second)

# puiScso @lol [, of ST slal 495 Jb 0s,S aslol LS
if x I= y:

result.append(next_edge)

e +=1

union(disjoint_sets, x, y)

# awoS Slaugy s sSbdl o=



for edge in result:
print(f"{edge.first} to {edge.second} with weight {edge.weight}")

# p0i,08 Sl 9 @igai VS yuei Kruskal
V=4

E =5

graph = make_graph(V, E)

# VLS @ Jl us,S aslol
graph.edge[0].first = ©
graph.edge[0].second
graph.edge[0].weight

1
10

graph.edge[1].first = ©
graph.edge[1].second
graph.edge[1].weight

2
6

graph.edge[2].first = ©
graph.edge[2].second
graph.edge[2].weight

3

graph.edge[3].first = 1
graph.edge[3].second
graph.edge[3].weight

T
P W

graph.edge[4].first = 2
graph.edge[4].second
graph.edge[4].weight

kruskal(graph)

2 to 3 with weight 4
0 to 3 with weight 5
0 to 1 with weight 10
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# ol 5l oo piolisS (i3l Sl 3,99-cals oSl s oywl, wlw @

MAX = 100 # louwl, sl iSli>
MAXINT = 10**9 # ldalols adyl sds,l150 Sy S5 Jloww liso

[.zDLS)ng.'

n: ool she

m: lJl >l
uli]: Jb fuwo iol
vii]: Jb iaso 1./
wli]: Jb Ui iel
SRS

B OH K R R R R

5

7

[0, 0, 1, 1, 1, 3, 4]
[1, 2, 2, 3, 4, 4, 3]
[6, 7, 8, 5, -4, 9, 7]
0 # luo

nw = < © 3 >

d = [MAXINT] * n # /o j/ ldalols
parent = [-1] * n  # olsS o ,> wl, D L,

d[s] = o
parent[s] = s

for k in range(n):
relaxed = False
for i in range(m):
if d[u[i]] + w[i] < d[Vv[i]]:
dlv[i]] = d[u[i]] + w[i]
parent[v[i]] = u[i]
relaxed = True
if not relaxed:
break
if k == n - 1:
print("Graph has negative cycle!")

# Bjwno 9 Balold ol
for i in range(n):
print(f"Distance to vertex {i} = {d[i]}, parent = {parent[i]}")

Distance to vertex © = @, parent = 0
Distance to vertex 1 = 6, parent = @
Distance to vertex 2 = 7, parent = 0
Distance to vertex 3 = 9, parent = 4
Distance to vertex 4 = 2, parent =1

< Ogmila @iiy)eSUl

95 & G pmo (p2p50lgS Jlo (e )3 g gu e U (gaed (hjg dS padd i glaigS 4y |y Lo b ujg pwilgiy S
plzol |y )18 oyl aig3z aS uwl ¢l Jlgaw JIo oS 63kl [pwSls gl b V > oly glas 5l auilgize 3gis yoge Lwl)

§f§+d>)



o b (gaod (jg U puiS 50 go=> (B1S JU 2 tie (50510l Xl.uo) <l (g)laso U |y o JU (gaosd aS 30550 Cuwl (S
Az oy NS 0O9€ ) Uugl) P G e RpI0lieS Ll (S (WS> (al A Az gie Ylgie R S L o9 Caude
@ 95 b

il ol Add 0 .)LQ.Uu.uJ 09wl PZQ)9§J| as ol

W(UY) 3032 0j9 W(UY) 0jo b (UV) € E JU yo @ljl @ Jl> . eud350 s h(V) alo sae Sy v €V ai5lo (ol yo sljl @
oS o i 5 Gl )

W(u,v) = w(u,v) + h(u) - h(v)
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h(vi) = w(p) + h(vo) - h(vi)
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# buje SIS 5 Buwl) cb> @d G smato GuiolisS oSl Sy vewile eiyeSl

MAXINT = 10**9

# Jb jlslw
class Edge:
def __init_ (self, u, v, w):
self.u = u # Jb fuo
self.v = v # Jl raso
self.w = w # Jb ujg

# oi,0S Bellman-Ford awwlzo Sl h(v) ouwl, aad Sl
def bellman_ford(n, edges, s):
d = [MAXINT] * n
d[s] = o
for _ in range(n - 1):
for edge in edges:
if d[edge.u] + edge.w < d[edge.v]:
d[edge.v] = d[edge.u] + edge.w
# b )95 3979 s
for edge in edges:
if d[edge.u] + edge.w < d[edge.v]:
print("Graph has negative cycle!")
return None



return d # ulod h(v)ld

# pi,eS) Dijkstra gwly O i olisS oo 9L Sl
def dijkstra(n, adj, src):

visited = [False] * n

dist = [MAXINT] * n

dist[src] = ©

for _ in range(n):

u=-1
for i in range(n):
if not visited[i] and (u == -1 or dist[i] < dist[u]):
u=1i
if dist[u] == MAXINT:
break

visited[u] = True
for v, w in adj[u]:
if dist[u] + w < dist[v]:
dist[v] = dist[u] + w
return dist

# vgwil> oSl
def johnson(n, edges):
# was gl 0s,S @lol s 5l Uig sho Sl 9 s B, wd @
new_edges = edges|[:]
s =n
for v in range(n):
new_edges.append(Edge(s, v, 9))

# sl>l Bellman-Ford acwlzo iy h(v)
h = bellman_ford(n + 1, new_edges, s)
if h is None:

return

# wi1> sloojy U LS eslw w(u,v) = w(u,v) + h(u) - h(v)
adj = [[] for _ in range(n)]
for edge in edges:
new_weight = edge.w + h[edge.u] - h[edge.v]
adj[edge.u].append((edge.v, new_weight))

# balold olr 5 gl 0 Sy Liwsls Shal
for u in range(n):
dist = dijkstra(n, adj, u)
print(f"Distances from vertex {u}:")
for v in range(n):
# pweSeo Jso9 b lol ujg 4 ldalols L
if dist[v] < MAXINT:
real_dist = dist[v] - h[u] + h[v]
print(f" to {v}: {real_dist}")
else:
print(f" to {v}: unreachable")

# digoi IS e

n=>5

edges = [
Edge(0, 1, 3),
Edge(0, 2, 8),
Edge(0, 4, -4),
Edge(1, 3, 1),
Edge(1, 4, 7),
Edge(2, 1, 4),
Edge(3, 0, 2),
Edge(3, 2, -5),
Edge(4, 3, 6)

]

johnson(n, edges)

Distances from vertex 0:

to 0: ©
to 1: 1
to 2: -3
to 3: 2
to 4: -4
Distances from vertex 1:
to 0: 3
to 1: ©
to 2: -4
to 3: 1
to 4: -1
Distances from vertex 2:
to 0: 7
to 1: 4
to 2: 0
to 3: 5
to 4: 3
Distances from vertex 3:
to 0: 2
to 1: -1
to 2: -5
to 3: @
to 4: -2
Distances from vertex 4:
to 0: 8
to 1: 5
to 2: 1
to 3: 6
to 4: 0
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# ol s> ploi ow o opolisS sl Sy Jlile- sl pis,eSI

MAX = 1000
MAXINT = 10**9

def all pairs_shortest_paths(G, n):

# oSl opis Shy DUs9 puwyilo s adsl S
d = [[G[1i][j] for j in range(n)] for i in range(n)]

# ko Slogul) b oSao Slosuo oloi vy Sl 95 > ¢ ail> aw
for k in range(n):
for i in range(n):
for j in range(n):
if d[i][k] + d[k][J] < d[i][]]:
d[i][J] = d[i][k] + d[k][]]

# alolb swlp puile >
for i in range(n):
for j in range(n):
print(d[i][j], end="\t")
print()

# S clw 9 Sg,9 Ulles
n, m = map(int, input().split())
G = [[MAXINT if i != j else @ for j in range(n)] for i in range(n)]

for _ in range(m):
u, v, w = map(int, input().split())
G[u - 1][v - 1] = W # saunso gt * jl vl )5 iwd ) I Dywl, o)low

# i8Sl Szl
all pairs_shortest_paths(G, n)

0 5 8 9

1000000000 (4] 3 4

1000000000 1000000000 (4] 1
1000000000 1000000000 1000000000 0

(S 4 ogisl ) INF 3¢ e iz 1000000000 )lado)
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Ll eSSl job ) (uglgl e (gl lislw 63l julw

Operation Linked list | Binary heap | Binomial heap | Fibon. heap
MAKE-HEAP (1) 1) O(1) O(1)
INSERT (1) O(log n) O(log n) (1)
MINIMUM O(n) O(1) O(log n) O(1)
EXTRACT-MIN O(n) O(log n) O(log n) O(log n)
MERGE O(n) O(n) O(log n) (1)
DECREASE-KEY O(1) O(log n) O(log n) O(1)
DELETE O(1) O(log n) O(log n) O(log n)
1ALSS
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min

(U 3 a4 bgiyo gloio gjlwesly 35S auslgs eslaiwl j gointerface L (S g5 1 Lislwesls ¢l (gjlwesly sy

el o.\.oTU.um Oles >

& )l adlal xudgi 4y (55l g9 3> (gleslw Luuws (glosio aS oy)l> |) Node goslw (uMS 1ail >

# s2lignd o, 55 oslsiwl Sl 0,5 LwMsS

class Node:
def __init_ (self, value):
self.value = value # 0,5 ,luso
self.degree = 0 # uluj,s sl
self.marked = False # Soudr s,liScoMc 0,5 Ll

def

def

def

def

def

def

def

def

# o @ So,lul
# Olid Sy @ So,luwl

self.parent = None
self.child = None

# Ol o bauiy, Sl j9te 9 Abe> Sligy o
self.prev = self
self.next = self

getPrev(self):
return self.prev

getNext(self):
return self.next

getChild(self):
return self.child

getParent(self):
return self.parent

getValue(self):
return self.value

isMarked(self):
return self.marked

hasChildren(self):
return self.child is not None

hasParent(self):
return self.parent is not None

=
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# & oSipw Oldac b cyghl o Silwosly Sl szlisnd popd pwlS

class FibonacciHeap:
def __init_ (self):

self.heap = None # ,liéo cupiaS U Slay, a ,So,luwl

# oD O3 g s
def is_empty(self):
return self.heap is None

# > o 2 Shy bi 0,5 S eslw
def _singleton(self, value):
return Node(value)

# @S Hliso U 0,8 ouils,Sil 9 Stigy cowd 93 ples/

def _merge(self, a, b):
if a is None:
return b
if b is None:
return a
# 90 Slgy cawd 95 Jlail
a_next = a.next
b_prev = b.prev
a.next = b
b.prev = a
a_next.prev = b_prev
b_prev.next = a_next
# @S o b 0,5 wuwil,S;l
return a if a.value < b.value else b

# oD )5 > ,laéoe &)

def insert(self, value):
node = self._singleton(value)
self.heap = self. _merge(self.heap, node)
return node

# o0 5l AnS laso id)S
def get_minimum(self):
if self.heap is None:
return None
return self.heap.value

# s2liond 0,0 93 plesl
def merge(self, other):

self.heap = self._merge(self.heap, other.heap)

other.heap = None

# (Slgy Coud )3 (b3 Soxiw>) paxiio yliéo U 0,8 0s,S [y

def find(self, heap, value):
if heap is None:
return None
current = heap
while True:
if current.value == value:
return current
current = current.next
if current == heap:
break
return None

def find(self, value):
return self. find(self.heap, value)

# (ahdl> sjlwslil sly) 00,5 and Si>
def _delete all(self, node):
if node is None:
return
start = node
while True:
child = node.child
self. delete_all(child)
next_node = node.next

node.prev = node.next = node.child = node.parent = None

if next_node == start:
break
node = next_node

def __del_ (self):
self._delete_all(self.heap)
self.heap = None

# s o el Shy sSaS gl
def _empty(self):
return None

o Destructor g Constructor

adgl L®3)labo Jokume 5o 93 oyl .@iled)gl |) LwMS ¢yl Destructor g Constructor gl 95 loaS o aiy)oSJl & 1 Gy

/i IS olail 5l Guy oo allocate glo,igio ¢l gjluSh g LS ol GBI Gloyigie
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class FibonacciHeap:
def __init_ (self):
# cwl B 08 adsl sd>)lis0
self.heap = None

def _del (self):
# L5 bl 5 sl s;Lust
if self.heap is not None:
self. _delete_all(self.heap)
self.heap = None

# abil> jl 00,5 ploi (siuiSib Wbi>
def _delete_all(self, node):
if node is not None:
current = node
while True:
next_node = current.next
self. delete_all(current.child) # (sl2d 0,5 Uluj¥9 >
current.prev = current.next = current.child = current.parent = None
if next_node == node:
break
current = next_node

aolsl )5 xio ¥ ¢l AS .cuwl 630k odlaiuwl private xie Sy jl e 95 ol jI Su o (g5Lwedly )5 e aS Hob Hlao

.2lodwol

& iIsEmpty xio

L lcwl b S gaes Jolds R3S 0j e plgige aS jgbles aS ay)ls ISEMPpLy ob a4 (gloslw Xie iz e

# 2lond 00 Uy i ey
def is_empty(self):
return self.heap is None

& + ) aslsl g glaizl

:(Insertion) (y>,S aslsl

1250 plil Gl ay |y 5 Jole gul) Soa)S aslal gl
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H1.(min)

JL

H.(min)

After inserting (2),

H(min)

:(Merge L Union) glaizl

iS50 bl y5 Joho s 2Ugad 9 glaizl (gl

if H1(min) < H2(min) then H(min) = H1(min) .2

else: H(min) = H2(min) .3

Jol> o2 pgesise = H(min)
Jol o pgesie = H1(min)
£9> 32 pgayive = H2(min)

D90 Wgmo [aZy Gildes g S0 o9 o 4 |y odi) Cuwd s aloye ol iaiss A
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@ (Insertion) y3,S adLsl
private aS xie 95 ¢l jl eolatiwl b Gugaw . @S0 skl merge_ g singleton_ glo el ay xie 95 135l Caound ¢yl (gl

291 Algs public aS auS e (g5lwesly insert pb 4y Ao S (diuud

= singleton_ xio

ol @ ol (63959 ylado Jolis )T 6,5 Lis aS sjluse 5l6)ScSs o0 Sy g NS0 bl lado oy singleton_ o

# owosh ,luso U i 0,85 U wslw
def _singleton(self, value):

n = Node(value)

n.prev = n.next = n # gac & U 910 Slgy o
n.degree = 0

n.marked = False

n.child = None

n.parent = None

return n

$ merge_ Xio

El3S 1 g M (990 Cuwd SOl S 655 95 ol aSiol @ azgi b .S oo a8l 655 9> 4 ,Se,Lil 9> merge_ xio
o) GMS LS°)§ D Ls)io)h’}ﬂ uul.pp )9 WS 0 ‘oLé.)| )iJASJ L |) AL o 9> G SLIPA SUTIY- ) S9> oS )|.).§.o Jo s

391 dolgS> 2l (639)9 93 I S (GHIS)L Hlade (ol &S Cawwl gaay 315 ojl A

# @S Hliso b 0,5 vuils,Sil 9 auiy, cowd 95 plés/
def _merge(self, a, b):
if a is None:
return b
if b is None:
return a
if a.value > b.value:
a, b =b, a # asiul jl vliwabl a cwl woS

# 90 Sty Slacowd Jlail

a_next = a.next
b_prev = b.prev
a.next = b

b.prev = a
a_next.prev = b_prev
b_prev.next = a_next

return a # aiwS Lo b 0,5 uul,Sib

+ 3> ladoe (9d)S aslsl

Wz paic Jolis oy Sy singleton_ siio jl eslatiwl b 1ol lislw 6315 S @ 33> jlase Sy d)S adlal gl «ules >
adlsl lo)islw 031> (,igiS Gl ey (Gldvasiu, Cuwd o Merge_ xio jl oslaiuwl L 1) 3us> 0,0 6,5 lgid G . euiS 0 Sl

PRS0

# o0 U pi> lls0 Us,S ablol

def insert(self, value):
node = self. singleton(value)
self.heap = self._merge(self.heap, node)
return node
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# s2lond opd 95 plesl

def merge(self, other):
self.heap = self._merge(self.heap, other.heap)
other.heap = self._empty()

# i oo wslw (U ly None)
def _empty(self):
return None

i aineS ghiiawl g 3uS LEslS (i
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# WS ooy |, awaS liso
def get_minimum(self):
if self.heap is None:
return None
return self.heap.value
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# o0 jl auoS paic Si>
def remove_minimum(self):
z = self.heap
if z is not None:
# @ aaS 0,5 Uluj 0s,S adlsol root List
if z.child is not None:
self._unmark_and_unparent_all(z.child)
self.heap = self._merge(self.heap, z.child)

# 5l @S 0,5 Wi> root Llist
if z.next == z:
self.heap = None
else:
z.prev.next = z.next
z.next.prev = z.prev
self.heap = z.next
self._consolidate()

z.prev = z.next = z.child = z.parent = None
return z.value if z else None



# Ji> parent )liScwoMc g false Ulwij9 aod Sl
def _unmark_and_unparent_all(self, node):
if node is None:
return
current = node
while True:
current.marked = False
current.parent = None
current = current.next
if current == node:
break

2 25,8 9,5 adlal

53 )3 Sy glvazy cad @ 1) WooyS 5l Sy 9 MSe @il 6)S 95 a4y ,Se,Lil 93 aS cuwl addChild_ (3,5 LSS 2
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# a0 4 Wjd S oS Blol
def _add_child(self, parent, child):
child.prev = child.next = child
child.parent = parent
parent.degree += 1
parent.child = self._merge(parent.child, child)

Ll 6350 6315 6,5 Vi (gl private e Sy aS eyl |) removeMinimum_ xio Guuw

# @S o b wa> 0,5 vilSil 9 @S 0,5 Wi>
def _remove_minimum(self, n):
self._unmark_and_unparent_all(n.child)

# 5 0,5 & hsd ;5] root List il
if n.next == n:
n = n.child
else:
# Yi> n ouilo sl cownd U Uluij8 olesl 9 cond 1
n.next.prev = n.prev
n.prev.next = n.next
n = self. merge(n.next, n.child)

if n is None:
return None

trees = [None] * 64 # wlixo oo L bes)s cowd
while True:

d = n.degree
if trees[d] is not None:

t = trees[d]
if t == n:
break

trees[d] = None
if n.value < t.value:
# 9>t ulud @ U8l 9 e I n
t.prev.next = t.next
t.next.prev = t.prev
self. add child(n, t)
else:
# Oi> n ulujd @ usgidl 9 cuwd It
t.prev.next = t.next
t.next.prev = t.prev
if n.next == n:
t.next = t.prev = t
self._add_child(t, n)
n=t
else:
n.prev.next = t
n.next.prev = t
t.next = n.next
t.prev = n.prev
self._add_child(t, n)
n=t
continue
else:
trees[d] = n
n = n.next



# ovlpy cowd 55 aioS Sluso U 0,5 0,8 Ly
min_node = n
start = n
while True:
if n.value < min_node.value:
min_node = n

n = n.next
if n == start:
break

return min_node

&1 removeMinimum g;lwesly

PS50 (5 lwodly |) cuwl public xie Sy as removeMinimum olgs e (SeS (gloio ¢l jl eolatiuwl b cules o
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# ol jlaso UUSL 9 WS jaic B>

def remove_minimum(self):
old = self.heap # (sl29 @iwnS 0,5 0,53
self.heap = self. remove_minimum(self.heap) # (silw,jor heap ainS bi> U
ret = old.value if old else None # oLadi> 0,5 ,liéo
old.prev = old.next = old.child = old.parent = None # akil> s;lwsl;/
return ret

s Uiy 1 1) )5 o S dlyd N el @y 6,5 S aS cuwl ¢l Ko ¢l (gadubg . puiS o iy cUt_ ol 4 SeS (5o 1akl
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# 0,8 US > n by, cowd @ Ol U939l 9 Ly Sl
def _cut(self, heap, n):
if n.next == n:
# 51 n puiSee B L,y OlS coand Ll i lpu
n.parent.child = None
else:
# Yi> n yu ulu;e caud Sl
n.next.prev = n.prev
n.prev.next = n.next
n.parent.child = n.next

# a Ul Sly adysl wlouhis root List
n.next = n.prev = n

n.marked = False

return self. _merge(heap, n)
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# 0,8 jluso JaudlS n ya> lse @ value
def _decrease_key(self, heap, n, value):
if n.value < value:
return heap # LWl oS Wb wi> liéo

n.value = value # 0,5 ,luso sulw,jg,a

if n.parent:
if n.value < n.parent.value:
heap = self._cut(heap, n)
parent = n.parent
n.parent = None

# o Uses 0d,95Cwole Wi > S ghd il Slojuzi;
while parent and parent.marked:

heap = self._cut(heap, parent)

n = parent

parent = n.parent

n.parent = None



# S ol 5929 Wygo s L S)liScolle
if parent and parent.parent:
parent.marked = True
else:
# 55 0,8 S| root List oS (wilw)in, |) pgomiso Ll
if n.value < heap.value:
heap = n

return heap
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# 0,5 jluso JusdlS n yia> lso @ value ( swogoc Lio)
def decrease_key(self, n, value):
self.heap = self._decrease_key(self.heap, n, value)
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# (Lswgoc o) 0,8 JS )5 labo Somiu>
def find(self, value):
return self._ find(self.heap, value)

# Soxiwu> DFS ,l1é0 8l Sly Uluj,d 9 Slgy o >
def find(self, node, value):
if node is None:
return None
visited = set()
stack = [node]
while stack:
current = stack.pop()
if current in visited:
continue
visited.add(current)
if current.value == value:
return current
# aidy 4 Uluj,s g8l
if current.child:
child = current.child
child nodes = []
while True:
child_nodes.append(child)
child = child.next
if child == current.child:
break
stack.extend(child_nodes)
# asiy w sl usgidl
if current.next != node:
stack.append(current.next)
return None
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# Soxiw> DFS Laxiw ,liéo U 0,8 9l sl

def find(self, heap, value):
n = heap

if n is None:
return None
while True:

_find(n.child, value)

if n.value == value:
return n

ret = self.

if ret:
return ret

n = n.next

if n == heap:
break

return None

class Node:

def __init_ (self, value):

self.
self.
self.
.parent
self.
self.
self.

self

value
degree
marked

child
prev =
next =

= value
=0
= False
= None
= None
self
self

class FibonacciHeap:
def __init_ (self):

self.

heap =

None

def is_empty(self):
return self.heap is None

def _singleton(self, value):
return Node(value)

def _merge(self, a, b):
if a is None:

return b
if b is None:
return a
if a.value > b.value:
a, b =">b, a
a_next = a.next
b_prev = b.prev
a.next = b

b.prev = a

a_next.prev
b_prev.next
return a

b_prev
a_next

def insert(self, value):

node = self.
self.

heap =

return node

H J

jlwiiye
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singleton(value)

self. _merge(self.heap, node)

def get_minimum(self):
return self.heap.value if self.heap else None

def _unmark_and_unparent_all(self, node):
if node is None:

return

current = node

while True:
current.marked = False
current.parent = None
current = current.next
if current == node:

break

def _add_child(self, parent, child):
child.prev

parent.degree += 1

child.next =
child.parent = parent

child



parent.child = self. merge(parent.child, child)

def _remove_minimum(self, n):

self._unmark_and_unparent_all(n.child)
if n.next == n:

n = n.child
else:

n.next.prev = n.prev

n.prev.next = n.next

n = self._merge(n.next, n.child)

if n is None:
return None

trees = [None] * 64
while True:
d = n.degree
if trees[d] is not None:

t = trees[d]
if t == n:
break

trees[d] = None
if n.value < t.value:
t.prev.next = t.next
t.next.prev = t.prev
self._add_child(n, t)
else:
t.prev.next = t.next
t.next.prev = t.prev
if n.next == n:
t.next = t.prev = t
self._add_child(t, n)
n =t
else:
n.prev.next = t
n.next.prev = t
t.next = n.next
t.prev = n.prev
self. add_child(t, n)
n=t
continue
else:
trees[d] = n
n = n.next

min_node = n
start = n
while True:
if n.value < min_node.value:
min_node = n

n = n.next
if n == start:
break

return min_node

def remove_minimum(self):
old = self.heap
self.heap = self._remove_minimum(self.heap)
ret = old.value if old else None
old.prev = old.next = old.child = old.parent = None
return ret

# SlogwMs a5 cowl il 5 2,9 Node g FibonacciHeap wloai wiei Wid

def fibonacci_heap_sort(numbers):
fh = FibonacciHeap()
for num in numbers:
fh.insert(num)

sorted list = []

while not fh.is_empty():
sorted_list.append(fh.remove_minimum())

return sorted_list

# sac ) L coww

nums = [42, 17, 8, 99, 23, 4, 73, 15, 61, 30]
sorted_nums = fibonacci_heap_sort(nums)
print("The sorted order of these 10 numbers:")
print(sorted_nums)

The sorted order of these 10 numbers:
[4, 8, 15, 17, 23, 30, 42, 61, 73, 99]
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class Node:
def __init_ (self, value):
self.value = value
self.degree = 0



self.marked = False
self.parent = None
self.child = None
self.prev = self
self.next = self

class FibonacciHeap:
def __init_ (self):
self.heap = None

def is_empty(self):
return self.heap is None

def _singleton(self, value):
return Node(value)

def _merge(self, a, b):
if a is None:

return b
if b is None:
return a
if a.value > b.value:
a, b =">b, a
a_next = a.next
b_prev = b.prev
a.next = b
b.prev = a
a_next.prev = b_prev
b_prev.next = a_next

return a

def insert(self, value):
node = self. singleton(value)
self.heap = self._merge(self.heap, node)
return node

def get_minimum(self):
return self.heap.value if self.heap else None

def _unmark_and_unparent_all(self, node):
if node is None:
return
current = node
while True:
current.marked = False
current.parent = None
current = current.next
if current == node:
break

def _add_child(self, parent, child):
child.prev = child.next = child
child.parent = parent
parent.degree += 1
parent.child = self._merge(parent.child, child)

def _remove_minimum(self, n):
self. unmark_and_unparent_all(n.child)
if n.next == n:
n = n.child
else:
n.next.prev = n.prev
n.prev.next = n.next
n = self. merge(n.next, n.child)

if n is None:
return None

trees = [None] * 64
while True:
d = n.degree
if trees[d] is not None:

t = trees[d]
if t == n:
break

trees[d] = None
if n.value < t.value:
t.prev.next = t.next
t.next.prev = t.prev
self. add_child(n, t)
else:
t.prev.next = t.next
t.next.prev = t.prev
if n.next == n:
t.next = t.prev = t
self. add_child(t, n)
n=t
else:
n.prev.next = t
n.next.prev = t
t.next = n.next
t.prev = n.prev
self._add_child(t, n)

n=t
continue
else:
trees[d] = n
n = n.next

min_node = n



def

def

def

def

start = n
while True:
if n.value < min_node.value:
min_node = n
n = n.next
if n == start:
break
return min_node

remove_minimum(self):

old = self.heap

self.heap = self. remove_minimum(self.heap)

ret = old.value if old else None

old.prev = old.next = old.child = old.parent = None
return ret

_cut(self, heap, n):
if n.next == n:
n.parent.child = None
else:
n.next.prev = n.prev
n.prev.next = n.next
n.parent.child = n.next
n.next = n.prev = n
n.marked = False
return self._merge(heap, n)

_decrease_key(self, heap, n, value):
if n.value < value:
return heap
n.value = value
if n.parent:
if n.value < n.parent.value:
heap = self._cut(heap, n)
parent = n.parent
n.parent = None
while parent and parent.marked:
heap = self. cut(heap, parent)
n = parent
parent = n.parent
n.parent = None
if parent and parent.parent:
parent.marked = True
else:
if n.value < heap.value:
heap = n
return heap

decrease_key(self, n, value):
self.heap = self._decrease_key(self.heap, n, value)

class Graph:

0o 00 09 00 09 01 09 OQ

g.

def

def

def

__init_ (self, n):
self.n = n

self.adj = [[] for _ in range(n)] # uyL 20 Sy jglro o

add_edge(self, u, v, w):
self.adj[u].append((v, w)) # j/ )bocpe> Jbu @ v uig Lw

dijkstra(self, source):
INF = 10*%*9

fh = FibonacciHeap()

pos = [None] * self.n
distance = [INF] * self.n
distance[source] = @

# Cuglel o 5> Bywly a0s adsl &)
for u in range(self.n):
pos[u] = fh.insert((distance[u], u))

while not fh.is_empty():
dist_u, u = fh.remove_minimum()
for v, w in self.adj[u]:
if distance[u] + w < distance[v]:
distance[v] = distance[u] + w
fh.decrease _key(pos[v], (distance[v], Vv))

# o gl 5l alols Lls
for i in range(self.n):

print(distance[i], end="\n" if i == self.n - 1 else " ")

= Graph(5)
.add_edge(0,
.add_edge(0,
.add_edge(1,
.add_edge(2,
.add_edge(2,
.add_edge(1,
.add_edge(4,
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pseudo code:

ST(0) =1
ST(1) =2
ST(n+2) = ST(n) + ST(n-1) + .. + ST(1) + ST(0) + ST(0)
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Fibonacci Heap
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https://leetcode.com/tag/divide-and-conquer
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# Oly acwlzo Sl 05lw oSl X Olei @ n
def naive_algorithm(x, n):
answer = 1 # pouddcswo 09 ) uly [ Gawl adsl liso
for i in range(n):
answer = answer * X # al>y0 ;8 ;5 X puiSswo oo Gl )5 )
return answer

# Lol FT0 Wb s>9,3 > ¥ Uly @ 0 Sd959 U gl o
print(naive_algorithm(5, 4))
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# Oly awlxo Sy J> 9 pewsi pueSIl x Ol @ n aigs olos b
def divide_and_conquer_algorithm(x, n):
if n ==
return 1 # cowl ) uly 60 Ul @ S>ic D

answer = divide_and_conquer_algorithm(x, n // 2) # (siiSjl <j9o @ Gai Uy acwlzo

if n% 2 ==

return answer * answer # ,5/ n ouS oo Jvseds o | Gai Ulg cewdlS (il 29
else:

return answer * answer * x # ,5/ n ;5 555 ,U & il 5,9 X puiSiso o

# oLl FT0 Wb (s>9,3 > ¥ Uly @ O Sdg959 U gl e
print(divide_and_conquer_algorithm(5, 4))
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# wMS Gy Point axso ;5 ahii S wlaiko jwlei Sy
class Point:
def __init_ (self, x, y):
self.x = x # wlaixo x ahs/
self.y =y # Claizo y ahs

# (awlio 9 5Solw Shy ,d> VL) Gowtddl g, @ ahii 95 Gw Aold acwlzo g/b
def distance(pl, p2):

dx = pl.x - p2.x # olaizo Mzl x

dy = pl.y - p2.y # <laize Wizl y

return dx * dx + dy * dy # swaddl alold g0

¢ adol g,
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# &)U bruteForce blii g9; s dold oS 0>,S [y Sy
def brute_force(points):
min_dist = float('inf') # ouScso ,b ) culpicsy | @S alold adyl liéo
n = len(points)
for i in range(n):
for j in range(i + 1, n): # o Soo Slagg; ploi (sowpw
d = distance(points[i], points[j]) # ahii 95 w alold acwlxo
if d < min_dist:
min_dist = d # g ,liso iSL o > eSS aold silw)jg
return min_dist

# cowd I Jyl ahsi aw b gl couws

p = [Point(1, 2), Point(3, 1), Point(4, 5), Point(3, 4)]
print(brute_force(p[:3])) # wwl Jo/ ahéi aw Gw oS alold b s>9,5
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# asso wlwl o blii Sjlweirw Sy awlio g6 x
def compare_by x(p):
return p.x # asio bid X puuScso b 3 Sjlwedw Sl

# pwlwl o blii Silwcire Sl vl &b x
def preprocess(points):
points.sort(key=compare_by x) # awlso gl jl osleiwl b blii cwnd Sjlwciro
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# > 9 pandi yug) U blii g alols pypinS 0, ay Shy Lol &6
def closest_pair(points):
def recursive(P):
n = len(P)
if n <= 3:
return brute_force(P) # ouScso oslsiw! oslw g, jl il oS blsi sligi S|

n// 2
= P[mid].x # Lluso x Basl pewsi Shy (sl Sahii

left = P[:mid] # > Sa>l bl
right = P[mid:] # <cwl, Sas>lU bl

# Sl O v Al 40 55 AwS adold awlxo
dl = recursive(left)

d2 = recursive(right)

d = min(dl, d2) # Q&b 9> alols (JJ)-LQS

# 5l yi0S hwy b jl olaalol a5 Sjye blii cowd el d cowl

border = []
for p in P:
if abs(p.x - mid_x) ** 2 < d:
border.append(p)

# bl o Siro blii Silwciro Y yipigo sy Shy
border.sort(key=lambda p: p.y)

# gy Salols o9 Sy Sipo blii pw Adols sewy
for i in range(len(border)):
for j in range(i + 1, len(border)):
if (border[j].y - border[i].y) ** 2 >= d:
break
d = min(d, distance(border[i], border[j]))

return d
# owlwl o |, blé [l X puSiso o

preprocess(points)
return recursive(points)
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# wMS Gy Point axbo ;5 ahii S wlaiko jwlei Sy
class Point:
def __init_ (self, x, y):
self.x = x # wlaiko x ahdis
self.y =y # Claixo y ahd

# (awlio Shy ,d> vsw) owtdsl g, @ ahdi 95 G Uols awlzo U
def distance(pl, p2):

dx = pl.x - p2.x

dy = pl.y - p2.y

return dx * dx + dy * dy

# &)U bruteForce blii z9; w dold oS 0>,S [y Sl
def brute_force(points):
min_dist = float('inf')
n = len(points)
for i in range(n):
for j in range(i + 1, n):
d = distance(points[i], points[j])
if d < min_dist:
min_dist = d
return min_dist

# asdso wlwl o blii Sjlwcio x
def preprocess(points):
points.sort(key=lambda p: p.x)

# owlid Codgdzo U gy Salold g8l Sy Sipo bléi ey
def check_border(border, d):

min_dist = d

border.sort(key=lambda p: p.y) # wlwl o Sjlwcdwo y

for i in range(len(border)):
for j in range(i + 1, len(border)):
if (border[j].y - border[i].y) ** 2 >= min_dist:
break # WMis/ Sy I i min ou aols! il
dist = distance(border[i], border[j])
if dist < min_dist:
min_dist = dist
return min_dist

# 31C 95 G pipS Lléo 19,8 Sl wSaS gl
def min_val(d1i, d2):
return dl1 if di1 <= d2 else d2

# bla 29) S O3S Iy Shy J> 9 pasusi pigy9S)]
def divide_and_conquer(P):
n = len(P)
if n <= 3:
return brute_force(P)

middle = n // 2
mid_point = P[middle]

dl = divide_and_conquer(P[:middle])
dr = divide_and_conquer(P[middle:])
d = min_val(dl, dr)

border = []
for i in range(n):
if abs(P[i].x - mid_point.x) ** 2 < d:
border.append(P[i])

return min_val(d, check_border(border, d))


https://www.cs.cmu.edu/~ckingsf/bioinfo-lectures/closepoints.pdf

# blii g9 iy Saold 0SS Iy She wvlpi &b
def find_closest_pair(P):
preprocess(P)
return divide_and_conquer(P) ** 0.5 # _n<dly ,/1é0 Sly alols ,i>

# blsi ;| Slacgozo U pisyoS cunii
p = [Point(1, 2), Point(3, 1), Point(4, 5), Point(3, 4)]
print(find_closest_pair(p[:3])) # awl Jo/ ahéi aw w oS Salold Ll (s>9,5

2.23606797749979
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T(n) = 2T(%) + O(nlogn)
T(n) = O(n x log(n) x log(n))
(EIS R Eranidl acgaze 93 a4y |y bl aS )b 2 55 9 EuiS Cipe Y > o |y O bl 9 @205 @il jl S S gl 1 STl
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T(n) = O(nlogn)

T(n) = 27 (%) + O(n)
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a1 az a3 bl b2 b3 Cl CZ C3
a, a, 3, b, b, b, |=1]¢ ¢ ¢
a, 3, a, b, b, by C, C, G

O(n) iloj asipe jl aS d9: plosil Ggiw Sy )3 o Sy wps Wb C Guyilo 5l aglys yo Gamwlxo gl 1lej LSz
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# patiiw ojlul U (neipo pusilo 95 sJgaso wpo U
def regular_multiple(a, b, size):
# ,60 sl ,lis0 b 5293 puyilo sl
c = [[@ for _ in range(size)] for _ in range(size)]

for i in range(size):
for j in range(size):
for k in range(size):
c[il1[3] += a[il[k] * b[KI[J] # rbow o 1 jl a vgiw ;5 F 4l b
return c

# o Wgo U gl i &b
def print_matrix(A, size):
for i in range(size):
for j in range(size):
print(A[i][j], end=" ") # ,hw 0 Sbal> ol
print() # ,bow oll jl pw Sie b3 @ i)

# Jol puwyilo i

A= [[1, 2], [4, 5]]
print("first matrix is:")
print_matrix(A, 2)
print()

# 093 puilo oyei

B = [[1, 2], [1, 2]]
print("second matrix is:")
print_matrix(B, 2)

print()

# puilo 95 o Job> awlzo
C = regular_multiple(A, B, 2)

print("the answer is:")
print_matrix(C, 2)

first matrix is:
12
45

second matrix is:
12

12

the answer is:

36
9 18
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C— (011 6'12) _ <A11311 + A12Byy A Big + A12B22)
Coy1 O A91By1 + A By Ay Big + Ay Bao
a b e f ae + bg| af + bh
X =
C d d h ce +dg| cf + dh
A B C

A, B and C are sguare metrices of size Nx N
a, b, c and d are submatrices of A, of size N/2 x N/2
e, T, g and h are submatrices of B, of size N/2 x N/2

ik oS wlws ) 5 X 5 glopwile 0ps 8 3L alsyo yo 55 iyl o

n

T(n) = 8T( :

) + O(n?)
T(n) € O(n?) :2diue cowds Lol audd b auulxo b as

Gl aS 395 pl oy yile ©po Gamwlxo Gl palyidl ol .l 03)S5 1oy 39402 joid b Gly2l Vloj oS puine
Lol 5l eslaiwl b Gisly @ glgio aS 36l (ygo @ 0L Wyle 7 ¢l .36S dwwlo |y 303> y)be 7 wye 8 (1l (gauwlo
3)S dwwlzo ) C glo s siloys; Juol>

My = (Aq1 + A)(Bi1 + Ba)
My = (A2 + Asz2) B
M3 = Ay1(Bia — Baz)
My = Az (B21 — Bii1)
Ms = (A1 + A12)Bao
Mg = (A21 — A11)(Bu + Bia)
My = (A1z — Az)(B21 + Ba»)

Cu = My + My + M7 — My
Ci12 = M3 + M;s
Co1 = Mo + My

Coy = My + M3 + Mg — M>

251 Glgs paile Syl cpuilo ads galoyo yo 5> S|l 2 5l Gilgi cyguo a3 M @13)S (169 Gy (2l Glaiul > 1S

@910 3 2 5l Silgi wygay |y logT do s yile @ cuwl jo0 oyl gloal)s gaes aS oloygiw g oy (539391 b (il

# patiiw ojlul U yuwyilo 95 (§y95 b go>
def add_and_sub_matrix(A, B, flag):
size = len(A)
C = [[@ for _ in range(size)] for _ in range(size)]
for i in range(size):
for j in range(size):
C[i1[3]1 = A[i1[j] + flag * B[i][j] # .S/ flag Gsw&i ol )- S| gax il ) by
return C



# T 5l slei oslul b soipo puniilo 95 o Sl powlyiwl pigyeS
def strassen(A, B):
size = len(A)
if size ==
return regular_multiple(A, B, size) # ouds o olzil (sJgago wpo il T oojlul S/

new_size = size // 2

# owiloy Jlez v Buw,ilo i

A1l = [[A[i][]j] for j in range(new_size)] for i in range(new_size)]

A12 = [[A[i][]j + new_size] for j in range(new_size)] for i in range(new_size)]

A21 = [[A[i + new_size][j] for j in range(new_size)] for i in range(new_size)]

A22 = [[A[1i + new_size][]j + new_size] for j in range(new_size)] for i in range(new_size)]

B1l = [[B[i][j] for j in range(new_size)] for i in range(new_size)]

B12 = [[B[i][]j + new_size] for j in range(new_size)] for i in range(new_size)]

B21 = [[B[i + new_size][j] for j in range(new_size)] for i in range(new_size)]

B22 = [[B[i + new_size][]j + new_size] for j in range(new_size)] for i in range(new_size)]

# owliwl pineS ol wpo csd arwlxo

M1 = strassen(add_and_sub_matrix(A11l, A22, 1), add_and_sub_matrix(B11, B22, 1))
M2 = strassen(add_and_sub_matrix(A21, A22, 1), B11l)

M3 = strassen(All, add_and_sub_matrix(B12, B22, -1))

M4 = strassen(A22, add_and_sub_matrix(B21, B11l, -1))

M5 = strassen(add_and_sub_matrix(A11l, A12, 1), B22)

M6 = strassen(add_and_sub_matrix(A21, A11, -1), add_and_sub_matrix(B11, B12, 1))
M7 = strassen(add_and_sub_matrix(A12, A22, -1), add_and_sub_matrix(B21, B22, 1))

# ovlp gl colw Sl @l Sy

C11 = add_and_sub_matrix(add_and_sub_matrix(M1, M4, 1), add_and_sub_matrix(M7, M5, -1), 1)
C12 = add_and_sub_matrix(M3, M5, 1)

C21 = add_and_sub_matrix(M2, M4, 1)

C22 = add_and_sub_matrix(add_and_sub_matrix(M1, M3, 1), add_and_sub_matrix(M6, M2, -1), 1)

# =293 gl eslw
C = [[@ for _ in range(size)] for _ in range(size)]
for i in range(new_size):
for j in range(new_size):

C[i][3] = c11[i][]]

C[i][]j + new_size] = C12[i][]]

C[i + new_size][j] = C21[i][]]

C[i + new_size][j + new_size] = C22[i][]]
return C

# Jol puwpilo e

size = 8

A =1[[i+ 2 * j for j in range(size)] for i in range(size)]
print("first matrix is:")

print_matrix(A, size)

print()

# p95 puyilo iy

B = [[i + j for j in range(size)] for i in range(size)]
print("second matrix is:")

print_matrix(B, size)

print()

# owliwl piyeSl U oo Jolb> arwlzo
C = strassen(A, B)

# axi ol

print("the answer is:")
print_matrix(C, size)
print()

first matrix is:

2 6 8 10 12 14

7 9 11 13 15

8 10 12 14 16

9 11 13 15 17
10 12 14 16 18
11 13 15 17 19
10 12 14 16 18 20
11 13 15 17 19 21

O 00 N O Ul b

NouphwNnNRroO
OV 00 NO UV bW

second matrix is:

01234567
123456738
23456789
3456789160
4567891011
5678910 11 12

6 789 10 11 12 13
7 89 10 11 12 13 14

the answer is:

280 336 392 448 504 560 616 672
308 372 436 500 564 628 692 756
336 408 480 552 624 696 768 840
364 444 524 604 684 764 844 924
392 480 568 656 744 832 920 1008
420 516 612 708 804 900 996 1092
448 552 656 760 864 968 1072 1176
476 588 700 812 924 1036 1148 1260

Omlyianl @ig oSl ilej ko
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# answered

# a>p U Slao>iiz 95 wpo n oslw gy @
def poly mult(p, g, n):
r=1[0] * (2*n-1) # 7T olul L wro Jobs> ol cowwdn-)

for i in range(n):
for j in range(n):
Pl + 31 += pli] * q[3] # cewlio a2 > Ul gax 5 Jblio Slocypd o
return r



# o gl cuw 9 bSlaosis e

n=3
poly p = [1, 2, 3] # p(x) = 1 + 2x + 3x"2
poly q = [4, 5, 6] # q(x) = 4 + 5x + 6x/2

poly r = poly mult(poly p, poly g, n)

# opo Job> wulpo ol
print("Resulting polynomial coefficients:")
print(poly_r)

Resulting polynomial coefficients:
[4, 13, 28, 27, 18]
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3)S gjlwesly |y ayy98 Joad plgise 031> £6i (al SwS L

import math

# po 9 go> wldac U hblito sac ywMS gy
class Complex:
def __init_ (self, re, im):
self.re = re # (néud> iy
self.im = im # _so09dgo iy
def __add__ (self, other):
return Complex(self.re + other.re, self.im + other.im) # Llizo s>ic g5 go>

def _ sub__(self, other):
return Complex(self.re - other.re, self.im - other.im) # hlizo s.c o5 _4/,0

def __mul__ (self, other):
# Joo,d jl osleiwl U blizo >ac 95 wyo (a+bi)(c+di)
re = self.re * other.re - self.im * other.im
im = self.re * other.im + self.im * other.re
return Complex(re, im)

def __repr__(self):
return f"{self.re:.2f} + {self.im:.2f}i" # Ulo> w90 @ blixo >ic jwlo

# uiSjb Sjlwosly FFT blio «uluo b Slalo>ii> Sl
def fft(p):
n = len(p)
if n ==
return [p[@]] # ool cuo & hsd oSl @l

# Sbauiy, awlzo naxly of

w =[]

for i in range(n):
alpha = 2 * math.pi * i / n
w.append(Complex(math.cos(alpha), math.sin(alpha)))

# 59 9 29 vwll b colho @ culho pudi

po = [p[i * 2] for i in range(n // 2)] # Jol aliwo,;

pl = [p[i * 2 + 1] for i in range(n // 2)] # ,p9> aliwwo,;
# aliwoy; 20 Sy iSil uleshs

yo = fft(po)



yl = fft(pl)

# ovlp =9 colw Shy eyl cusy
y = [None] * n
for k in range(n // 2):
y[k] = y@[k] + w[k] * y1[k]
ylk + n // 2] = yo[k] - w[k] * y1[k]
return y

# Slalo>ii> e p(x) = 1 + 2x + 3x72
poly p = [Complex(1l, @), Complex(2, ©), Complex(3, @), Complex(®, 0)] # T Ul & Uliw, Sy aSlol 60

# >l FFT Slalo>1i> S,
fft_p = fft(poly_p)

# an9d S e ol
for i in range(len(fft_p)):

print(f"y[{i}] =", fft_p[i])

y[@] = 6.00 + 0.00i
y[1] = -2.00 + 2.00i
y[2] = 2.00 + 0.001
y[3] = -2.00 + -2.00i
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T(n) =2T(n/2) + O(n)

(b o9 algS> il Llgx> aS il e Slol audl Gab as
T(n) = O(nlogn)
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=4 brute force @iy,e3I

The naive algorithm

b/ blalblalx|a|b|alblally|/a|b]|a
3| bl al Length=n Length =m
a
alb
a
alb|a
a
a
alb|a

# i) 35929 sy Shy oslw pueSl s aia, ,s t
def simple_algorithm(t, s):
for i in range(len(t) - len(s) + 1):
# 5l Slaiu; csowpp t ol Job Uos



if t[i:i + len(s)] == s:
return True # oid [y aid, g9 by S/
return False # >,/uU 39>9 @i, g0 ool jul >

® oolw @iy)eSIl ilej Yl

dulio y g Mgi 0 dumlio o b aiy 15 93 )b len(t — ) 3jlul ay aS oS azg5 b wi)eSIl ol Giloj Judoxs sy

told g )l aigso len(s) Wy ay by

T(simple_algorithm) = 0(| s | x(|t | — | s |))
@9 yguasie dllue ol = e by 0(| S ‘ + | 3 |) Ol 2> palgise puizxes DL 9(122) i Xlgize 9 S0 Jos digal )l r°3=!)9§J| ol b SL;j 9§J| é""“""‘) Job aS ygu0 ) Ligzy
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hash
keys function buckets
a0
a1 | &521-8976
Jehn Smith 02 [ 5211234
. . 03
Lisa Smith _ -
Sandra O =
e e~ & [14|[ 521-9655
15

oeljil wygo 4 gjlwes)d Glogll 5,Slac

U g 35S adlsl iy ol (gleil o L8y (1) aludy Sy Lo Hlase O(1) 5> Xlgiv aS 3uuS0 185 )5 |) (16,9 )Lislwesls

,o.uS d= ) Saub L |y aidy (glai aluwe [o.ulg.)uo ‘ro..uub asiunly (g)lislwosl>

# T) al jl oslecwl U aw, Sy juwd g
def hash_function(s):
hash_val = 0
P=1
for ch in s:
hash_val += ord(ch) * P # @l wyro ,5 wpo g9 sac @ uSLE L
P *= 31 # Sie cuedgo Sy wlb cypo uluwjg
return hash_val

# wMS RollingHash laiw, S)=io jud Cyylo Sly
class RollingHash:
def __init_ (self, length):
self.hash_val = 0 # . sled Lud ,liso
self.base = 31 # Sjlwoed,> @l
self.length = length # oS/ Job
self.P = [1] * (length + 1) # al Sbuly awlzo iy



for i in range(1l, length + 1):
self.P[i] = self.P[i - 1] * self.base
self.window = [] # o=y Jo> 29 Slo,us,E cowd

def append(self, ch):
self.window.append(ch)
self.hash_val += ord(ch) * self.P[len(self.window) - 1] # _uwd @ wi> uSLE wsg;8l

def skip(self, ch):
self.hash_val -= ord(ch) # Juws j/ Jol uSLE bl Qi>
self.window.pop(®) # o,=iy jl uS,Ll5 i>
# bewedoo wlals Sl wlb v pewsi U s ilw)jo,
self.hash_val //= self.base

def get_hash(self):
return self.hash_val

# i) 3929 csaww Shy 5-gwl paeS s aa, 5o t
def rabin_karp(t, s):
if len(s) > len(t):
return False

rs
rt

RollingHash(len(s))
RollingHash(len(s))

for ch in s:
rs.append(ch) # oS jiud acwlxo

for ch in t[:len(s)]:
rt.append(ch) # ;/ awi, i ool Jud awlzo t

if rs.get_hash() == rt.get_hash():
return True # aww, Slwl 5 olbs

for i in range(len(s), len(t)):
rt.skip(t[i - len(s)]) # soud uSLE Li>
rt.append(t[i]) # > uShHS vsg;9/
if rs.get_hash() == rt.get_hash():
return True # w L gl

return False # >,/u 39>9 (sl

T G)5-uwl)y @iyoSl GleoSs Zudgs

Lol (35S0 Jos Cmwyd 29 olwsSy Hlaio 93 6Bzud wyldtie diui) 95 i lade oBzud aS ijgo ;> G99 pis oS!
IS S e @ b 0)S-ol) w893l S L35S e o ) Lo Alue Lvs39,9 @ s s (yloj ) @iijo81 o2l S
555 &ilwodly ) 63 68 Jbislwesls Blgie sehz aS Cuwl ol Lalg Wlue Ly iSue

B (Sjl.woﬂ*g

b ol Gilwe)d @6 S L o jl o U eS 23 d3e Sy @y ) e iy Su j9hz aS ol cowd ol )5 Jlgaw gl
dAc Wygo dy Al Gllad Gl a5 Cubl> azgs b Lol XS j9hs 25 4y dily) Bgy> Sl dlacl ggazo 3l .S i
A5 > Lall Bg,> S (glixe ) dae So ) iSLIS yo @silgie 65500 pinles ) .l bale g 5,8 ei yb5 )3 |y LSS iy
O 02l 5l O 998 (0 Wigamae dae dy iy 23S sl JToaul (5] g Cwl j3peiSy 9 Sy (5l ol - e2)eSo

Mu" L*-Q-” 99> dlass lej_.w )3 3¢ kSJ |) 1% ))_m

Syis Jol 332 Sy p o3lo 8L 58S @b (5jlwe)d ozl ¢uyiestw jl LSu (auS e |y aiy b jblae sae ol L J
62959 Iy 31> 18 N S)50 6basd 55 aS (639,9 d3c S aS Cuwl (g5lw p2)d U 1o (s o jl (65)91L gl teuwl
N S0 jds M jiS>6S slbasd )5 sae Sy ly ol 9 5,50

Wi Lol culild 95 93)S a8lsl G (payglu cuwd @ coli gloj 5> (6,505 p | dae S 835l LBL pwlgi 0 aS pwil> 0
il 295 633 juwi a4 6)bgd JSI . ale0 VU @i o3l (g5lwesly gl sy gleisl as € Wy ()5S adlsl g asdyy Jol jl € 8y
9 LS Gl ed) Lolai Lz i b SH b Jolseo aiuiny Sy glowml @ dae o 3)S a8LSI aS puiw 0 25 (Lo Ay Sy

XS

b Ui I Hlade )SI.cuwl 3az dae b gaz 9 buo 5> l=d dae Wpd b Jolse aS ccuwl 3uaz d3e b 3az dae 93)S gaz



.ro,g)b(o,g),gig)bj)bc|)aL5Ug.o).).x,g.)qu§).>).LcQa|)Li,a.o.).).cQU

) (69) Whlee g i

append(c):

uUu=u.a-+-c

M @ s 635l L8L ¢l jlade LM @ cuuws adgl i dac 815l ,BL Hlade aS pwild 0 (ises
.:{)LAJ L539IJ13

) =9 dac b U ¢ro.u5 Wi> b ) msb as ra.uS JL-¥=%] rwungUA i) Jol ;l uS).> SO Vi sl

asS @S ¢ * al¥—1

skip(c):

u=u—c-al¥?

Ll 63,5 (g5lwesly sasbazsS WSS @ azgi b 1) @iu oSl ¢l o) 3S

# o) 3929 cowyr Sy Dol pieSl s @iy s t Jsl sac 9 TF @l s jl oslsiwl U g
def rabin_karp(t, s, q):

t_hash = 0 # aiw, jud ,é0 t

s_hash = 0 # @i, jud ,liso s

h=1 # Jol B> V> Sly A o

# o Gwlzo h o=y jl Jol by> Wi> Sy
for i in range(len(s) - 1):
h=(h* 26) %q

# acs, Sl adyl jid awlxo s I @i ool 9 t
for i in range(len(s)):
s_hash = (26 * s_hash + ord(s[i])) % q
t_hash (26 * t_hash + ord(t[i])) % q

# Sloac)y; ploi oy t by Job U s
for i in range(len(t) - len(s) + 1):
if s_hash == t_hash:
if t[i:i + len(s)] == s: # lojud Uy vy Cjgo ;5 (8495 swypy
return True

if 1 < len(t) - len(s):
#Jud Oy U > 9> 0939 9 Jol > >
t_hash = (26 * (t_hash - ord(t[i]) * h) + ord(t[i + len(s)])) % q
if t_hash < 0:
t _hash += q # Juwd (sdio Hlaso oMol

return False

# digoi Sloaid, U e cows

t = "salam bar aga daqiq"

s = "daqiq"

print(rabin_karp(t, s, 157)) # wl (s>9,5> True uve> Ll "daqiq" 5 t 5,I5 >9>9

True
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# w9l Rabin-Karp ad, JS ud ¢ ooly acwlzoiny jl oslsiw! b
def rabin_carp_19(t, s):

print(“"Salam")

if len(s) > len(t):

return
mod = int(1e9 + 7) # Jud 5,050 jl SuSel> Sly Sy Jsl sac
p =2 # Silwes,s al
powers = [1] # Slovly cowd p

# Slouly acwlzoiwy p aw, Job U t
for i in range(1, len(t) + 1):
powers.append((powers[-1] * p) % mod)

t_hash
s_hash

[ # ai, Sl ean Jud s t
0 # ay, yud ,liéo s

for i in range(len(t)):
last = t_hash[-1] if i > 0 else ©
val = (ord(t[i]) - ord('a") + 1) * powers[len(t) - i] % mod
t_hash.append((last + val) % mod)

if i < len(s):
s_val = (ord(s[i]) - ord('a") + 1) * powers[len(t) - i] % mod
s_hash = (s_hash + s_val) % mod

# iy, swoxi Slojusd ol t
for h in t_hash:

print(h, end=" ")
print()
print(s_hash)

# Jus U bad,y; wlbi sowyp s
for i in range(len(t) - len(s) + 1):
left = t_hash[i - 1] if i > 0 else ©
substr_hash = (t_hash[i + len(s) - 1] - left + mod) % mod
substr_hash = (substr_hash * powers[i]) % mod
print(substr_hash, end="' ")
if substr_hash == s_hash:
print(f"Found an occurrence at index {i}")

# digoi Sloacd, U e cows

rabin_carp_19("aaaaaaaaaa", "a")


https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-006-introduction-to-algorithms-fall-2011/lecture-videos/lecture-9-table-doubling-karp-rabin/

Salam
1024 1536 1792 1920 1984 2016 2032 2040 2044 2046
1024

1024 Found an occurrence at index
1024 Found an occurrence at index
1024 Found an occurrence at index
1024 Found an occurrence at index
1024 Found an occurrence at index
1024 Found an occurrence at index
1024 Found an occurrence at index
1024 Found an occurrence at index
1024 Found an occurrence at index
1024 Found an occurrence at index

W oo NGOV WNEOO

def char_to_number(c):
return ord(c) - ord('a') + 1

# L U gl cows s
print(char_to_number('s"'))

19



=
o031 2o
1905 (wdige 038G - Iy .)le ol iwils

1FoF-1Fod Juazi Jlw 09> Jlwpew

:n ..) @Lbj: &N | 9
6).\.64»| Urf“°| )35.) Slwl

G Guuyael g 920l des (291 9 ele) g)luwlpg 9 Hjgel Glgixe >lhb i

dolbo ©
oS Sy sl Vg 2G5 @
6w 03l 9 @i )oSUl J=lpo @

*

A0 J0

(3135 Ghol @iy 4y (518 7) s T Jid 4y aS cwl oSl (59) T (g @b S5 1 o3liiwl g dwlxo

$SIL aS (o> U i) sl o 6l 230,50 515 )3 |y ey @in)eSIl @0 |) Pattern jl jlaseaz aS @l )b o 9 @uiS
gz O(N x M) Uivgy al Lilej 3 51 .ol 0315 &, Match Sy waisls Gl oSl @iy JS 31 o augye ol 31 cuislbo

] inga Vb gloaiis, ¢l aS )l

9§J| S sl ""’9‘”‘“" &'U

)‘| s o.)h.o.u U‘Db LQLQJI (rO.A.AMJ aas UJLO) G ‘o.usu,o C_’AS).> S Lchb)ZlelS 9, U.A99 - D aab UAQ[J LJLU.) ‘o.us UD)Q
s Gl @l oo aS cuwl adgl wll> Jio 3l )51 g pogiiise Sudjs o1 (38l @y 3l po 50> @ S5 Sl a gl
0l PVsb Glodi) lp lgige Ul SepSpe b8 Gl az ) o B> cuns o el @ Cusmidg ) YIS 003,55
o) b |) edls puss

NS 0> Bbise wutlbe 395 I (Rlolle b aigSz o8Il aSiyl 5)90 )3 1) GileMbl SIS sl Vginn &)U
e 55 Sls+1..5+q] GloysS, S b oS > P[1..q] gl 1S aSiul ¢yiaasils b 2wl ) 505 Jloaw wle> ol dude yuan gl
Tz b s'+k=s+q ol > as P[1..k] = S[s'+1..s"+k] aS (5)9b @ §' > § (ulouls () iS=gS )l cuslho



s SIS )31l cdslbe Lol sy 51 5 Job @ asdyuj <o L Pattern 51 5 Job ay asiyy o) <o 36 469 (Jlio j9b @
Pattern jl (g,ioligS diguinn az ay aS paogd 0 T U SwS 4y wyguo ol ju€ )d (eug) 0 gl bl wdylbo S (gasy Yy=> b
leuwl (gglwo ol b leiio )DTUL;M.GD 9 b (il as fo.:.);)b

 piayeS)l Jolye

a0 i a[Ij] L) asslo asuy Suj Ui WBgy> (Jlgie (gasiub) o) oS b ) s ot glodlas) auslgs e auuS u2)9
F(0)=-1 eSS0 o9 (=0 Gly . plp Ol b bol Cums 35 t[0..i-1] gy aS 3l t 5l gy ¢eyiads F(i) oS )9
:Jbo gl -F(1)=0 ¢

i01234567W[{JABCDABD-F[i]-10000120

¢ KMP ity )03l 2555

caliamo O(N+M) )5 BlgiLe @ ol 51 63Lkul b KMP aiy 63l .S dawloeo t gl O(M) )3 |y @26 ol algis xS (5,0
ol S[OI] Mgy as b t AJngu.u UJ)J.).JJ dgb L ).g|).g i LQ).> ) aslsl )’| A len >ac as L5)9b .).JSU,O

y>len. ,o gljl @ g sfi-len+1..i]=t[0..len-1] abhi=) o ;5 aS >gi azgi @SS ¢l @ cuwl B Sl gl
Wy s adbsl jl Gu len gauwlsws §> oplplu .zslen+1 oy)ls sfi-z+1..i+1]=t[0..z-1] ,3I ¢l plo .si-y+1..i]t[0..y-1]

slp as 0_19)5 Azl (il Wygo @ lgise JYxiwl e Gulwlp cuwl yige si-x+1..i+1] Gy 1 Lo T+1

.3)S eslaiuwl pj 35aSS 5l ylgie (g s len G0

o puiand (0395 5> pattern ¢3,S Iy Js )&l (S e oslaiwl aslsie g, jl o (glgsiuy U 295 duwlxo g8lg >
leuwl b eii)oSl [z suiuw uilgie len g cur gloyisin )5 wilpusi £g5 ) €85 b .S b |) ol oS paslgs e

while(len && s[i] != pat[len]) len = f[len]; if(s[i] == pat[len]) len++;

# Suguiny &b acwlzo (Pi) oS sl

def compute_prefix_function(pat):
f = [0] * (len(pat) + 1) # f[0] | d>ewisosi oslowl F[1] b f[m]
f[1] = o
CUr = 0 # Cowd jw Lgwy 4S5 gy cwyil Job

for i in range(1l, len(pat)):
while cur and pat[i] != pat[cur]:
cur = flcur] # olaS Weuiy @ cuuisS;l
if pat[i] == pat[cur]:
cur += 1
fli + 1] = cur # cuedgo Sly Suguiy &U b0 1+1
return f

# i, 98 Shal KMP io 53 oS Slo gl a8l Sl
def kmp_search(s, pat):
f = compute_prefix_function(pat)

print("test is:", s)

print("pat is:", pat)

print("Pi function\n")

for i in range(1l, len(pat) + 1):
print(f"F[{i}] = {f[i]}")

print("\nGoing over S to find pat")
len match = @ # o3 L sd=d slbi Job
for i in range(len(s)):
while len_match and s[i] != pat[len_match]:
len_match = f[len_match] # LolisS Wguiy @ cuiS;l
if s[i] == pat[len_match]:



len_match += 1
print(len_match, end=" ")
if len_match == len(pat):
print(f"[a match found at {i}]")
len_match = f[len_match] # suie Sl gl Sy gxiw> aols/

# aigos @iy b paeS cows
s = "ABABABAC"

pat = "ABABAC"
kmp_search(s, pat)

test is: ABABABAC
pat is: ABABAC
Pi function

F[1] = ©
F[2] = ©
F[3] =1
F[4] = 2
F[5] = 3
F[6] = ©

Going over S to find pat
12345456 [amatch found at 7]
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maxFlow = maxFlow + m .
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Ford_Fulkerson(G):

Initialize F = 0, Gf = G

while p = exists_augmenting path(G):
augment F along p
update Gf

return F

# Original code
from collections import deque

# locwdb U jbap> SIS G o vy i awlzo Sl O, SIS-5,09 piyyeSl Sjlwosly
class Graph:
def __init_ (self, vertices):
self.V = vertices # S Lwoi, slie
self.graph = [[@] * vertices for _ in range(vertices)] # loJl cudb uw,ilo



# &l BFS 1aso @ luwo jl (soiwlidl juwwo iSL Sl
def bfs(self, s, t, parent):

visited = [False] * self.V

queue = deque()

queue.append(s)

visited[s] = True

while queue:
u = queue.popleft()
for v in range(self.V):
if not visited[v] and self.graph[u][v] > @:
queue.append(v)
visited[v] = True
parent[v] = u
if v ==
return True
return False

# gy SI-3,05 slol g5

def ford_fulkerson(self, source, sink):
parent = [-1] * self.V # w9 o o5 Sly
max_flow = 0 # awwiw Lo sulp o

# b 39>9 suiwlidl jiwwo aS swilo; U
while self.bfs(source, sink, parent):
path_flow = float('inf")

v = sink
# iyl jno )3 Cdpb ypioS il
while v != source:

u = parent[v]
path_flow = min(path_flow, self.graph[u][v])
VvV =u

# ouiladl SIS )5 s b silw,jo,
v = sink
while v != source:
u = parent[v]
self.graph[u][v] -= path_flow
self.graph[v][u] += path_flow
vV =u

max_flow += path_flow # S ,lw @ ,wwo ,Lw Udg;9/

return max_flow

OwySJ18-3)99 @iy oSl iloj Juakxi
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from collections import deque
INF = 987654321

# )5 juigos] pis,gS ywMS ispi
class EdmondsKarp:
def __init__ (self, node_count):

self.node_count = node_count
self.adjMat = [[@] * node_count for _ in range(node_count)]
self.flowMat = [[@] * node_count for _ in range(node_count)]
self.path = [-1] * node_count # _suiv/i9/ o
self.pathC = [@] * node_count # _suiv/id jwno <udb

# &U BFS iaso 4/ luw jl csuiylidl souro GupioliaS oidl sl
def bfs(self, s, t):

self.path = [-1] * self.node_count

self.pathC = [0] * self.node_count

queue = deque()

# bl cu9b puyilo

# d=d Oly> uilo



queue.append(s)
self.pathC[s] = INF

while queue:

currentNode = queue.popleft()
for to in range(self.node_count):
if self.adjMat[currentNode][to] > @:
residual = self.adjMat[currentNode][to] - self.flowMat[currentNode][to]
if self.path[to] == -1 and residual > @:
self.path[to] = currentNode
self.pathC[to] = min(residual, self.pathC[currentNode])
if to == t:
return self.pathC[t]
queue.append(to)

return 0

# Qi )l Awlzo Sl )5~ jig0d] pineSl ol &)U

def

edmonds_karp(self, s, t):
self.flowMat = [[@] * self.node_count for _ in range(self.node_count)]
max_flow = 0

while True:

flow = self.bfs(s, t)

if flow ==
break

max_flow += flow

currentNode = t

while currentNode != s:
previous = self.path[currentNode]
self.flowMat[previous][currentNode] += flow
self.flowMat[currentNode][previous] -= flow
currentNode = previous

return max_flow

# Complete Class (to make sure by the following dependencies)

from collections import deque

INF = 987654321

class EdmondsKarp:

def

def

def

__init_ (self, node_count):

self.node_count = node_count

self.adjMat = [[@] * node_count for _ in range(node_count)] # lJL <ud,b
self.flowMat = [[@] * node_count for _ in range(node_count)] # . sled Ol,>
self.path = [-1] * node_count # _siw/i9/ o

self.pathC = [@] * node_count # (swivli9 o <ud)b

bfs(self, s, t):

self.path = [-1] * self.node_count
self.pathC = [0] * self.node_count
queue = deque()

queue.append(s)

self.pathC[s] = INF

while queue:
currentNode = queue.popleft()
for to in range(self.node_count):
if self.adjMat[currentNode][to] > @:
residual = self.adjMat[currentNode][to] - self.flowMat[currentNode][to]
if self.path[to] == -1 and residual > 0:
self.path[to] = currentNode
self.pathC[to] = min(residual, self.pathC[currentNode])
if to ==
return self.pathC[t]
queue.append(to)
return 0

run(self, s, t):
self.flowMat = [[@] * self.node_count for _ in range(self.node_count)]
max_flow = 0

while True:

flow = self.bfs(s, t)

if flow ==
break

max_flow += flow

currentNode = t

while currentNode != s:
previous = self.path[currentNode]
self.flowMat[previous][currentNode] += flow
self.flowMat[currentNode][previous] -= flow
currentNode = previous

return max_flow
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# Il 9 ywei) dlaei <dl,s ;) al>0
node_count = int(input("asS o)l 1) QI8 Ly dair ™))
edge_count = int(input("asS 2)ls 1, dh aaad: "))

@ a0 9 ldao wlj (yaass

:%isua_"kﬁwbmﬁ.ong:w le.muume,ﬂ )

# Lado 9 [o ywl, clb)> T al>,0
s = int(input("wS Ll 1, lwe Gy ™))
t = int(input("a€ )l 1) aate il "))

# lodb cob puwyile Wi 1T al>po
adjMat = [[@] * node_count for _ in range(node_count)]

# beud,b g JL b,y : F al>w0

print("aS 2yl 1, WL (from to capacity):")

for _ in range(edge_count):
from_node, to node, cap = map(int, input().split())
adjMat[from_node][to_node] = cap

WS 2yl 1y WJu (From to capacity):

# )5 jug0s] pisygS JwMS Cipei 10 al>yo
ek = EdmondsKarp(node_count)
ek.adjMat = adjMat

# i Ll awlzo 9 pis e Shal 1 F al>yo
max_flow = ek.run(s, t)

# i oly :V al>0
print("L Gl il 4y L', max_flow)
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primal_simplex(H):
if intersect(H) == None

X

return "infeasible"

random_feasible_vertex()

while x is not locally optimal:

if every feasible neighbor of x is higher than x:

return "unbounded"

x = any feasible neighbor of x that is lower than x

return x

# Real code (Optional!)

# b3 Sipaoly Jilwo J> Sl adsl pusSloww pise3 oslw sjlwosly
# adyl suyilo aS LS g0 )9 G ol H cowl oai odls >,luliwl 0,9 @

def primal_simplex(H, b, c):

n
m

len(c) # (&usio S
len(b) # ldcusgi=o >liei

# ouSlosw adyl Joa> cslw
tableau = []
for i in range(m):

row = H[i][:] + [@] * m + [b[i]]
row[n + i] = 1 # (Slwl) (5SS Sldjusio Udg;9/
tableau.append(row)

# Jou> Sleul & b gl g9/
objective = [-ci for ci in c] + [0] * (m + 1)
tableau.append(objective)

while True:

# (Vo &b )5 dio Jluso Gupidvw U (giw) 39,9 Ugiw 0,S Iy
pivot_col = -1
min_value = 0
for j in range(n + m):
if tableau[-1][j] < min_value:
min_value = tableau[-1][7j]
pivot_col = j

if pivot_col == -1:

# pulodis dinps 3)IU 3939 (ssio Hlléo gud S/
break

# couwn jl oslowl U Sjg=o0 jhw 0s,S [y RHS S)g=0 Ugiw ,liso @
pivot_row = -1
min_ratio = float('inf')
for i in range(m):
if tableau[i][pivot_col] > o:
ratio = tableau[i][-1] / tableau[i][pivot_col]
if ratio < min_ratio:
min_ratio = ratio
pivot_row = i

if pivot_row == -1:
return "unbounded"

# S)exo jhw Sjlwdloy :0s,S 90 wldoc
pivot_val = tableau[pivot_row][pivot_col]
for j in range(n + m + 1):

tableau[pivot _row][j] /= pivot_val

# S)gxo Ugiw o Brhw ylw 0s,S 6o
for i in range(m + 1):
if i != pivot_row:
factor = tableau[i][pivot_col]
for j in range(n + m + 1):
tableau[i][j] -= factor * tableau[pivot_row][j]

# Oud @b 3 veiw 5l aiups o glziwl
return tableau[-1][-1]
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# alan> S0l Sy Sl cp> vgu LS Lwlls

class Graph:

def __init_ (self, V):
self.V =V # lywl, sl
self.adj = [[] for _ in range(V)] # wl, 8 Sly <y9lzo Coud

# ol 95w Jb wdgsdl

def add_

edge(self, v, w):

self.adj[v].append(w)

self.adj[w].append(v)

# SIS alan> Sl piyeS
def greedy_coloring(self):
result = [-1] * self.V # &, vow Ll ;5 cpwl, 40 &)

result[0] = @ # oauSco Ky sso Sy b L, Jol ol
available = [False] * self.V # UJL 20 Shy jlao SLS, couwd
for u in range(1l, self.V):

# oxwosloiw! S, S)liScole 9 j9lxo SOyl Ky Cmwrp
for neighbor in self.adj[u]:
if result[neighbor] != -1:
available[result[neighbor]] = True

# sl Sy oadol 03, Iy

cr =0

while cr < self.V and available[cr]:
cr += 1

result[u] = cr # wded gl @ ) Lolais!

# Saz LSS Sl jlro S, UsS G,
for neighbor in self.adj[u]:
if result[neighbor] != -1:
available[result[neighbor]] = False

# ol 0 4 oxwosl jolasl K, s

for

u in range(self.V):
print("Vertex", u, "---> Color", result[u])

# Il 099l o Jsl d/).f e lw
gl = Graph(5)

gl.add_edge(0, 1)
gl.add_edge(9, 2)
gl.add_edge(1, 2)
gl.add_edge(1, 3)
gl.add_edge(2, 3)
gl.add_edge(3, 4)
print("Coloring of graph 1")
gl.greedy_coloring()

Coloring of graph 1

Vertex @ ---> Color ©
Vertex 1 ---> Color 1
Vertex 2 ---> Color 2
Vertex 3 ---> Color ©
Vertex 4 ---> Color 1

# Il 0959 9 95 d/).f cslw
g2 = Graph(5)

g2.add_edge(0, 1)
g2.add_edge(0, 2)
g2.add_edge(1, 2)
g2.add_edge(1, 4)
g2.add_edge(2, 4)
g2.add_edge(4, 3)

# paiSso Wlol [, cp> 95 40 ewl Cp> Vs SIS vex

15 JUio ylgic @y .3gu8 50 63wl Gl ;I Lo

loyLlolS Lohb
O Gl¥lesw gl youaxi  ®
B akdls cypie g gaupley ©



print("\nColoring of graph 2")
g2.greedy_coloring()

Coloring of graph 2
Vertex © ---> Color ©

Vertex 1 ---> Color 1
Vertex 2 ---> Color 2
Vertex 3 ---> Color ©
Vertex 4 ---> Color 3
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alalnlalale
1 0 0 0 1 0

x 100,010
-~ 1 0 0 1 0 1 100,101
= 0 1 0 1 0 0 10,100
~m» 0 1 0o 0 1 1 10,011
w 0 0 1 1 1 o0 1,110
% 0 0 1 0 0 1 1,001
o 0o o 1 0 0O 100

0O 0 0 2 0 0 200

0O 0 0 0 1 0 10

o 0o 0 0 2 0 20

o 0o 0 0 0 1 1

Q ] 0 0 Q 2 2
v RN -+

Do Wl UT&Q} aS b aiubld 3929 dcgozoyy) Sy )§| hsd g )§| cuwwl | satisfiable

g e | gad true cuel aS puiS o Wbkl | gslacl ol .ol | satisfiable sus (6,9

Ro> as ro.usu.o |.)uu EGo0 s_,uu).) OP ol W )..\5|.)..‘> 9 ) d§|.)..> Cj O [ol§)| Egoxo «uwl | satisfiable as L‘zJT)|
..)C\S F’ I) C] fo§)

il W gldiegoxo aS Cuwl 39290 dlacl jl acgoxo SO PS50 w2y Jb
S Lol ) 12y b 2y glociys,) 5l o gis xS e plejgae T @3 -
Dol Wl US yo ) literal Sy J8las 3S 0 lojgazo € 08, -




=
o031 2o
1905 (wdige 038G - Iy Jle ol iwils

1FoF-1Fod Juazi Jlw 09> Jlwpew

il ei)eSl jpaS Jad
Gy idew ¢3)S50)9 8uuingyd (wly Lindgy gl Lins
(5).\.15.w| Urfwl )353 25wl

G Guuyael g 920l des (291 9 ele) g)luwlpg 9 Hjgel Glgixe >lhb i

Wbgixo u.uu).es

doloo ®
Gr i gloein)oSdl op)ls ©
oyl g o g Lyl ©
owl) pibgy @
alfuwo (920 ©
P> Giyaolp b J=ol) ©
@5 253 b ool ©
5,50)95 02iuig,8 @

aliumo y=0 ©

aGlay,> J=ol, ©

»g2 Gl=el) ©
glie °

B aciio

"16S Wil 1) B 95 «ykabio gy «lil" 130500 aS 315 392 plwdige Kl )> Laad Llialls

loalivwo jl (g)buw "o.u.'>9.oT gyey) le.cbd.aoé ) aS johiles .cuwl )|)§).3 e live Cusdg D )nglS rogl.c PFlao glos >
ULo) ) as ro..\.wl.i asuol> U_Jlsbro.u)gs.” rOJ.JngL,.OJ d.wl.: $P \neq NP$ )5| |)Jbu .uwe NP-Hard g99).2.<) 6)huw

d§|.).> ¢‘o,g)|.) )lS 9 pw U.Qélg Lchb.)).))lS ) LJij.ao C):?I lJ U""99 <UD UT)‘| cngm pr> LSIH |) alsowo LS.J g L,J|9.? Ls|clln>.xa.>
24 abl3S JUS b byl | Sy

Colg> cLad CSP L $*A$ (cloainjoSIl ailo g eu)liSy ,US |y ain)eSIl 36s (glabes iz by aS ol ol lvel, j LS
sl O )grxo Cuwl (Swoo Lol .Io,g)gT Cuwd @ dLO.LUIQM wlg> Luwlbo LSQJL&.LUTLSJ ovlwl g ‘o.us gz |y aliwo
RGITITSY wLLo Lm.s)g)lS )’| lS)Lf'W'.’ ) as ,o.uS LB).»O U.aa_'x;.u.ob ULoj ;dg.»s d;ls t,)lg.'? @ OHAw)

.fo:\.LSd.>|)Qli.;.;.a.o)‘| Uaolb cdle ¢)§.‘.g.) .bg)..(b U.«Q)g).bq).)bgroq)..\ij).b.)).) |) "anj)mlsb.g" .b)..&cﬁu.\d CHI )i.g.) ol)



A2300 3y el aS bl andls HhE ol glacdls ¢l )5 Lo 3,15 aS 3550 wlga Liloj leis i) ol

b "L,Jg."> UQIS Lso)’|.\3| d.)n aS [o.us |.\.u |) U-.’|9-'.> 4dLo.uu| x,:lg.'? UJBLJ lSL'? a aS Cuwl U:’I ‘ol) U2 P PPWI0 g PG bl)
oz aliuno jl digas o gl (85 o b aS Mo lg> JWd @ g lessl d929 4 Lxinesd I urpi gloaiis)eSl

A i 1) Gl

@ uiii lopinyeSll o)l

bg i 28l GLi> Sl jl 6)lbum 2l Glocye aliumo aingr loz 8l aS X590 )5 4y Gi8y a5l oSl

9 S jioslw |) aliwwe @igiis0 yoazo il 5> XS0 Hlgbs Ylinly |y Garps ei)eSIl So G>lb aS )15 sledazn )l
> glp etiayeSIl (Jloagl il sl @i)eSIl gl 6oy 1 L - eaay cuwlio etia)eSUl 4 U @S Cuww |y bo i jl 5y
RS0 Gl cawlio Gy b IS

"y gl Gy o g Lyl

b Jilso > 13 @S ol a4 Gl ol 53 (aiSie o3likunl gy sloeiyyelll 5l 1S )3 g e @b azgio aS (eiS|

@2ibpse Mlge )5 4 loais)eSdl )l

Silwparae Jiluo 2ilgie Jslume ¢l - aiiuwe NP-Hard as 39,0 )5 a4 gjlwding Jibwe J= (gly s sl oSl
il gjlwposaslo L

il dgai o Glil @ aS cuwl gladaziz Hloj b (093l (gjlwdingy (galime o (gl alpha$-approx\$ eise3ll <o
owl o diug wlg> plpy $alphal$ o ) UT)l.\.a.o aS 35S 50 ddgi (g alduue ¢l

1aS Cuwl (ot el jl .‘o,g.obu,o ‘oﬁi,g)giu 3)Shoe Cilowd L )yl o |) v jlado

a > 1:gjlweotire Jluo gl ©
(ﬂ).?) a<l 1) bwpoSle Jilwo glyy @

ol e diagy Ol Cas J8s Ginlg> 6)lgas aS cuwl glaleziz oloj I (ein)eSl (gjlweamnSle diue Sy gl Frac{1}{2}$-approx\$ el S iy

ol diggy Dlgz by P ESIas aliue digas o gl a4 Ginlez aS cuwl glades iz yloj jl PN (6 lwposiae aliuwo Sy gl approx-3 pli,ugi” So ol wline

‘o.;)b)_vuo Lég)m NP-Hard Jilbwo glp Ld)p.‘i,g)gi” o2l =2hb jl e ool a ;49).;9) o2l aeldl >

q{ Wl U“W"9-’

cuwl NP-Complete SuwMS aliuue Sy (oS o0 wyp |y ol H1duj9 eldls Ll > as (Vertex Cover) wl) gy aliume

ilessd asll ol gl (g33=io L yds gl ein)gSdl g



w_i \ge$ ¢jg $1i \in V$ wl) yo @ aS g 9b @ ol 6au 031> $G = (V, E)$ cug> gt LS :aliue iy

:aS ledjgf a [o.us L_Jl.'>.u| $C \subseteq V$ U.ugj) )’l Lgld.ch."xo 'o.ublgpuo Cowl 63ud 631> o 0%

D9l dineS $CH Lwgl) Vjg Egaxe ©
.3 \in C L i \in C sy b $C$ ;5 ol jw 9 1 SSu JSla> ¢ $in EN (1,3)$ JLu o glp @

Al ) pidigy acgazo )3 b Jb 2 4w 93 I GSu eslw W)l @

1D 0 O Lo |) dlao.u.uo l:“‘"l) Uwuug.: S0 »J JS.w ‘,JLuo LSI)-.’

9 4

< W
<
o

il b3 6jyaely b J=ol)
aliowo ool .ol LS)LA.UQ)..\.@J djLw.o d.'> 9 U.uul.o.v LSI)':' Ls.)).))ls SwuSS Sy L:b-> LS}:?)MU)'? as P-’-*?9“°TU"'W Lchdeaé PR
P""SU" QJ9‘°)9 b Gielp b 1) Gwl) U‘”“”9"
eaS 0 Wi ) X_1 jaie i \in V U'”i))‘bksl)'.’

.9l ol dcgozxo )d iuui) )5| Xi=1 e

.L‘_’:)g.»oc),gl),;.é)bx_i=0 ®
sCauwl )J) Lb)g.»o DL (”_P) a_a.‘z»o Ub_'> (5)’,3)6\.0[.3).) LJS.w D UJuub U.wuug.! alSuwo
7

s.t. V(i,j)eE iz +x;>1

V’IZEV:CBZ'E{O,I}

9 pyldoop ) o X_1 yog a0 by gladozsiz gloj a )i wlg> 0L (gl s NP-Hard ILP as L>JT)|

10300 Cuwdy b aoliy a0 L8 x_1 \in [0,1] bys ol gl>
T

s.t. ‘v’(z,y)EEmz+m]21
VieV:x; >0



@D |) U,uul) U"“‘”9-’ acgoxo Al *AX )-.’I)'.’ LP g L?Jlg.? S UO)Q ol ),gl;gUlS.M 6|¢LL0.‘>.\4.’> L‘)Lo)‘ ) LP Q,gl J=

HEMS 50 Wiy Wygu0

1
C={ilz >3}

o> (4,7) € B Jy 3 @y LP by s:b

L iges L

* *>1 — ¥ > — —
T +x :c_z i 5

A ol piiszo Ly Ginigy So C g 31> )18 C acgazo ;5 Gwl) 95 5l (So J8las ¢lpbo

:'o,g)lb ‘.\.uub LJLOM U.wl) U.wuug.; C* )§| U.;.mo.d)

1 1
ieC* i ieC

rolele
w(C) < 2w(C")

SOPTip > OPTrp eld> bz Jlgw

S )l Lwly Giuigy aliuwe (gl @PProx-2 o g3l pusumiles :ase

0 &S 0253512 b J=>ol,

Ui (2l 5> GSolw gl - pus> Al wl) Ginbigy aliume (535 aydl sl 65500 Ll = ol puslyS e sy Gl

ol S ()5 @S 8L b Jolee aliuwe lply Vit w; = 1 &8lg )5 .08 (0 155 )3 ) 0jo 09w Lwl) Lisbey aliue
20> (Sl ) gy Sp aS d94b 0

W8 M s acgamo )3 ) O jw 93 9 e2yS (o 45 )5 1) BIS loo JU 1 GSo 1l zayjln o wyguo ool @y ) M aiuiiy @l
o 5 )3 6555 JU exle GBL SIS I G @S o B> ol BILS I plingy haiie gl Jb g uwl) 93 wal 9 s> 0
630l Cuwd @ (g acgazxo .iled GBL SIS )5 Jb gus culgs )3 U puiS (0 )15 Lo Jb plei sl b 3501 gued 9 @08
AigS o iy @il ol @ aS cuwl SIS gl JU jl lixe (6 acgazxo

.‘o...g| OJ)QT Cuwd @ |y asouiin Golbi Sy Gindu ol glaml S s Jbe glp

M))UT).NgbﬂgS,g@t\mdSMLgﬂ.&b.)g?g(i,j) GELJlJ‘O.AASL)D)QWIWI)WgJLSJMPJASLJALAJLJUQASI



awl GABLS 5> 39y diwinn @Glbs Sy M aS ol 15,8 b gl Lol (Sh2) el Glbs So M U €55 gm0 ol 5> il
ol M > G 93 51 GSa J8las QL o oy

owl) Lidigy C* [31 clply g Jolio b J L 2 51 So J8las a0l C' wly Ginivgs o (2, ) € M o ljl @ puizo
p)1> 3500 Jleusil

M| <2 x|C"]

ks o M glo JU aS 39 Lo azeis ol jl Vb ylae aS

gl Cawd @ wly gy diuwe gl 2 — approx i yo3l Sy vlgi o i JlawwSle @ilas jl eslasuwl b ¢yl plo

i 356,95 62iig 9

aelloo jbuw aS cuwl NP Wgy20 (JSluw jI TSP jLaisl au b (Travelling Salesman Problem) 5,569 635uig,8 alsuume

b Jbbe b Sobles aS ag)ls glosl> 4eud 93 o (w9 ywgd) SSbles aS ayld o (931 aliume ¢yl > . Cuwlosui

9 Mo LS |y Lopgids JS S £9, (63000 j1 MS o G 3,50)93 62iigyd Sy I aiiS o Jab iley wie o3l 4o )5

2945 AneS JS(50 (6w o3l )3 aS (iloj e aSyeb @ cuwl (695 Bz US I gl agaes .33)5p Ghladgl Gl

slowjs b )bujs ez vgd Jols BILS Sy 5o Gigiked )95 ulisS 13,5 Iy 355059 0xiiigyd aliuue y05lw ply @
& I . .~’~

il Wyguo ol U»I(S).S,o.m J dguu 9 Cuwl NP-Hard aliowo o albowo

b B goluwo b yiaS (isjg aS 315 3929 6l gikasd 595 LT puiuw pudlgs 0 Jlo .cawlosdosls k sae Sy g ,1d0j9 GOIS

1 abayy> (ool

U8 S i=l) glp 29 diwo ol J= slp Gy glod=ol) El).w D EUS 0 2w ro.as).b NP-Hard aliiwo L aS >
O auold Sl wl) 95 G JU 9 il Wlaize axiwn gg) glabis Joleo Gwl) 1o Ligy .ol Gwaddl bo BI,S 36S 0,9
ol 9> UT

L) O 1w 32 9 EiS o DRl dibagy> (g 9 S E9540 1wl I 3S U89 - ugy0 o Gl Y= Ebw @ Yo
FS355 505 pwed) aas I S @ aS puiSe Wl ) pwly S5l 255 wes) e o 315 HLE ) T )3 1wl )5 aS eg)l> S
d.‘>|).o U,oboﬁ ) S UD)B fo.usu,o aslsl S D |) U.ui) Ur?l U CuwldaiueS acgoxo C)r?l D UuJLJ PRLIO (J)9 (A ol

) C)g.) o adlsl acgozo @y C g b 9 A ywed) al=>po duw jl g ASS (B9 .S kS/))J 9 pld ass ) 69> pudlgs> 0
RS0 Wy Al al 2l

2l ¢ ol @ ORIL S @) GRIL G2 yioligS 3uS (88 g adlsl dcgaze 4y il )8 J Jho ) aS al>ye o )3 Gu
29y Ei2eSIl gl WLl Ehaw Lo

039 Gmlie (lply . ASe Joe 5SS aneS wB)d )5 |y > Prim @i o8l ay auis sl pgs) ©)S QLI > @liy)oS)l
il Gb gpel Ggiliad j93 (125295 9 5SS B> (1S 2eS

il 1ShE S (50)iS26S (Gobwo yi5)5 aweS Hgidies )95 g 1)



S2 oy (592 9wl jSKo aS o)l e Sy Gk H90 5l b Sy BI> b oS 2wl o) Ghd gz g Wl
oS juSH9 eS ) 1 s 9 ol vj9 Az ) Cuwl AiueS 1S9 LSS (goluwe yiduw Uncld juwo ol ©j9 wuwl Cis)>

ool

iyoSl euiS i Solw 4 auilgige wuwl Shé s> (1)iS2eS plp ¥ ESIas Gidjg 0aubesls ein)eSll @S woli SI VL

:auibe 2 — approx
ans < 2x MST <2 x OPT — ans <2 x OPT

S acgomo gy aweS 1Sho i)l Gy 17 i) ewilde - EuiS e e3laiwl Prim et el iwws jl Eg1090 ol il gl

reawlo3)S yasti 459Gl 09 o2l VeS! weliy € Wi 5L JB 1) C vjg )51 -l
¢ = C — Wik + Wij + Wik
1ul0)S s Cyguopl @ eiSl 3l € al>pe o )3 dineS (Glivgy i) vjg S|
t, =t+ wij

i)l Gyl 18y o gl Sie ggluel
Wik < Wij + Wik — Wik — Wi < Wij
rolle
c = C— Wik + wjg + wij < ¢+ 2w;; < 2t + 2w;; < 2" — ¢ < 2t'

o Bl)S BIS Gl @y gy dolg> oSTlez Ginly @ieSl ol 3l )h8y Giuladb ghla Glie Galuel as AI)S yo

:ei Sl gjlwesly gl Sl g,

JUS plioad walbys ar 1) gwgd) 9 eajie DFS wid)s gl (59) Vo 023,51y |y dieS (sLivgy s So 5ig) 2 4y 43S 489
Jrol> g 9> ro,p)S).) Olecg b wl) @ culgs )5 g ro.ulo.gu by o |y o ol )S15,S ol ylgie .ro,g)BSUn QD
D)5 1) dbueS Ligiduod 595 ()jg plp P 5SSl 50

# J> Sl swnsi 098Il TSP 9 @iwaS Slugs <) jl oslsiwl b Sopio SOS)S sg, DFS

INF = 10**9 + 10
MAX_N = 220

# sdol Slousio e

n=0 # JLS g sl

cost = [[@] * MAX_N for _ in range(MAX_N)] # bJL uj9 juwwilo

mst = [[] for _ in range(MAX_N)] # @S Sluwgy <5 oglzo cowd
d_prim = [INF] * MAX N # i sl alols Prim

seen = [False] * MAX N # buwl, L5l sy

TSP = [] # (swpdi jusno TSP

# o985 Shal Prim aiveS sligs sy cslw sy
def run_prim_algorithm():

d_prim[@] = ©

for _ in range(n):

mn = -1
for j in range(n):
if not seen[j] and (mn == -1 or d_prim[j] < d_prim[mn]):
mn = j

seen[mn] = True
for j in range(n):
if seen[j] and cost[j][mn] == d_prim[mn] and j != mn:
mst[j].append(mn)
mst[mn].append(j)
for j in range(n):
if not seen[j]:



d_prim[j] = min(d_prim[j], cost[mn][j])

# swloy DFS (supdi juio clw Sl aoS Slag <5 Sy, TSP
def dfs(s):
seen[s] = True
TSP.append(s + 1) # s>9,3> Shy )l s)liSo,loss
for v in mst[s]:
if not seen[v]:
dfs(v)

# LS Odg Sypio ey 9 3959 bl
n = int(input())
for i in range(n):
for j in range(i):
cost[i][j] = int(input())
cost[§][i] = cost[i][]]

# VLS e Supio jl liwobl Sl silio Sgluol sy
for i in range(n):
for j in range(i + 1, n):
for k in range(n):
if cost[i][j] > cost[i][k] + cost[k][j]:
print("Graph is not metric!")
exit()

run_prim_algorithm()
seen = [False] * MAX N # iy ws;l cowy, DFS
dfs(0)

# b o lx TSP
for v in TSP:

print(v, end=" ")
print()
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# cdpb Sl S bl Si> b iy @sS aliwo J> Sy bsr Siyaoliyy pieSl

2020
2020

MAX_B
MAX_N

# Jou> e dp aliwoy; Slool> Sl Sy
dp = [[@] * MAX_B for _ in range(MAX_N)]

# o5l o vyl Jolr ecsats S

class Obj:
def __init_ (self, s, p):
self.s = s # Lujl
self.p = p # ojlwl/

# by sowwgiaoly jl osliwl U aliwwo J>
def solve using dp(n, B, obj):
for j in range(B + 1):
dp[e1[] = @ # conui @ud Shv @l laio

for i in range(n):
for j in range(B, -1, -1):
if j >= obj[i].p:
dp[i + 1][]]
else:
dp[i + 1][]]
return dp[n][B]

# owl @ Vo 5l cus)b yiylay

max(dp[i][j], dp[i][J - obj[i].p] + obj[i].s)

dp[i][]]

# Sdg,9 w9l

B, n = map(int, input().split())
obj = []

for _ in range(n):

p, s = map(int, input().split())
obj.append(0bj(s, p))

# Cowl cudb i vlawojlul as sulewl Gi>
filtered = []
for i in range(n):

if obj[i].p <= B:

filtered.append(obj[i])

n = len(filtered)
# oulp ole> ol
print(solve_using dp(n, B, filtered))
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# dila,> pieS redux T ocussi U (siviyalsS aliwo Sy

# o;lul 9 iyl Jolw seor JwMS
class Obj:
def __init_ (self, s, p):
self.s = s # ujl
self.p = p # o;lu/

# vl = pwluwl p Silwcire Sy awlio U (s/p)
def cmp(a):
return -a.s / a.p # o Silwiio Sy (ssio

# csaisi ol redux aliwo J> Sy
def redux(objs, B):
return_value = 0
sum_of s = 0
remaining_space = B
for obj in objs:
remaining_space -= obj.p
if remaining_space < 0:
return_value = max(obj.s, sum_of_s)
break
sum_of_s += obj.s
return max(return_value, sum_of_s)

# Sdgy9 <dl)s
B, n = map(int, input().split())
objs = []
for _ in range(n):
p, s = map(int, input().split())
if p <= B: # <udb jl S,y sbewl Yi>
objs.append(0bj(s, p))

# il I pwlwl v cbewl Silwcire
objs.sort(key=cmp)

# i el Ole> ol
print(redux(objs, B))
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oo |y cawl AOPT (golume yigs ¢liylado aS wus)s I ulowl) cidgil (oS sslaiwl approximation

:uwlosud eslasuwl Gl )d 58wy ) gjlwaings glp redux i g3l jl aS 6aui (gjlwesly 6aS aoldl >

# 5l osleiwl U (suiiyadsS aliwwo (4495 pis98)l backtracking ¢ heuristic aila,> redux 3,5 05,S suwsd Shy

INF = 10**18

# oilul 9 iyl Jolw sior ywMS
class Obj:
def __init_ (self, s, p):
self.s = s # Ll
self.p = p # ojlul

# sl I pwlwl 50 Silweire Sy awlio b (s/p)

def cmp(obj):

return -obj.s / obj.p # oy Silweiro Sy (sndio

# dila,> uyéi redux ol sl [L, r)
def redux_heuristic(objs, 1, r, B):
return_value = 9
sum_of s = 0
remaining_space = B
for i in range(l, r):
remaining_space -= objs[i].p
if remaining_space < 0:

return_value = max(objs[i].s, sum_of_s)

break
sum_of_s += objs[i].s
return max(return_value, sum_of_s)

# U alewo (59> [> backtracking UL u>,S jwd 9 heuristic

def find_solution(objs, 1, r, accumulated_s, remaining_space, best_solution=0):

if 1 == r:
return accumulated_s

# oS Si> ) asla ool ppugainisoi 2 Olox Sl sips pd i puiUlimpives b > ST
if redux_heuristic(objs, 1, r, remaining_space) + accumulated_s < best_solution:

return accumulated_s
# oo ool veu > L

best_solution = max(best_solution, find_solution(objs, 1 + 1, r, accumulated_s, remaining_space, best_solution))

# osawr bl U > L (peidl acals & S])

if objs[l].p <= remaining_space:

best_solution = max(best_solution, find_solution(objs, 1 + 1, r, accumulated_s + objs[l].s, remaining space - objs[l].p, best_solution))

return best_solution

# Sdgy9 <dl)s
n, B = map(int, input().split())
objs = []
for _ in range(n):
p, s = map(int, input().split())
if p <= B: # <udb jl oS, slowl B>
objs.append(0bj(s, p))
n = len(objs)

# sl s pwlwl o slewl Sjlwcire
objs.sort(key=cmp)

# olo> oz 9 pueS Sh=l
print(find_solution(objs, @, n, @, B))
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# Cp> vgn SIS 5 Ay Sg,S Gidl Sl 5Spay pineS

def is_clique(graph, subset):
# a4 U cowl S9,5 U owosls acgoxou; Ul asul Sy
for i in range(len(subset)):
for j in range(i + 1, len(subset)):
if subset[j] not in graph[subset[i]]:
return False
return True

def max_clique(graph, n):
max_size = 0
max_clique_set = []

def backtrack(current, start):
nonlocal max_size, max_clique_set
if is_clique(graph, current):
if len(current) > max_size:
max_size = len(current)
max_clique_set = current[:]
for v in range(start, n):
current.append(v)
backtrack(current, v + 1)
current.pop()

backtrack([], @)
return max_size, max_clique_set

# Jlwo

# Oglxo cowd Cigo 4 SIS G
#2-1-0 :cewl ol ¥l Sa9,5 S Joliir 5 LS

graph = {
o: [1, 2],
1: [eo, 2],
2: [0, 1, 3],
3: [2, 4],
4: [3]
¥

n=5 # oyl she

size, clique = max_clique(graph, n)
print("Max clique size:", size)
print("Clique vertices:", clique)

Max clique size: 3
Clique vertices: [0, 1, 2]
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# 0,9 @ ableo Jiwlos Sy b JwMS'y =m * x + b
class Line:
def __init_ (self, m, b):
self.m =m # L3> cuw
self.b = b # lwo jl uo,c

def value(self, x):
return self.m * x + self.b # ,lis0 y ahéi ,5 x

# 39w i> Wb 9 o wsone hwg b3 Ul aSyl

def is_bad(1l1, 12, 13):
# gblsi ,S1 L1 ¢ L3 gblei I Jub L1 ¢ L2 iy duirl L2 Gl dibops
return (13.b - 11.b) * (1l1.m - 12.m) < (12.b - 11.b) * (1l1.m - 13.m)

# gy bohs S)lpSS Sl oz Yy pwMS
class ConvexHullTrick:
def __init_ (self):
self.lines = []

def add_line(self, m, b):
new_line = Line(m, b)
# cowd Sl I asouc bohs Gi>



while len(self.lines) »>= 2 and is_bad(self.lines[-2], self.lines[-1], new_line):
self.lines.pop()
self.lines.append(new_line)

def query(self, x):
# ahsi ;5 by g 0SS T Shy (v9d9d Somiwu> X
low, high = 0, len(self.lines) - 1
while low < high:
mid = (low + high) // 2
if self.lines[mid].value(x) < self.lines[mid + 1].value(x):
high = mid
else:
low = mid + 1
return self.lines[low].value(x)

# J> by cows Jlo dp[i] = min(dp[3] + C[5] * A[i])
A =11, 2, 3, 4, 5] # slossgg A[1]

C=15 4,3, 2, 1] # who C[]]

dp = [@] * len(A) # Slo)liso dp[i]

cht = ConvexHullTrick()
cht.add_line(C[0], dp[@]) # ado/ > uU>g;9/

for i in range(1, len(A)):
dp[i] = cht.query(A[i]) # waxo Ly U aup ,l160 0>,S [y
cht.add_line(C[i], dp[i]) # wi=o Jwey @ wi> b3 usgd/

print("dp =", dp)

dp = [0, 10, 15, 20, 25]
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Cuwd a4y Gyb 93 )5 ) DP olie g puiSue = daw 93 gl GisisS;iL 1) aliiwe Guguw 2390 duwlxo K < OptM 1 65wl

PAD (0 ol 5o Lolad 4 Hiuw, U ) )lS ol .fo.:g)gTU,O

O s b guizeas 351> Sl a5 g w55 g5 oojb g9z R oloy O(M) ;1 wDP auwlxe adub o 5> (g ¢l 5o
A Xgi o duwlxo O(Nn M log m) )5 DP oo g dgu50 O(log M) wilsds slass wejb 65l

ok UG EXS Euand] diawd Kal LQUT'O.@|9>UA <D LSJBQC)D o S (65U S D a5 N raliiue jl (glaiges
3 6l g 3L ulS Su o LTl 5181 b 5510 cawgd 358 yo .l 318151 Jlgio glojb Jolis aiawd jo 3695 Hlguw glatio



aigeS plgic @ 1y dp(if) Ao ol Gl Olgine -l oliTh gaz (3,5 dixaS wdis opl> Ll pdaww Sy 445 93
U.Jl.u.uTb &oz )gl)g C(I,J) )§| )90 U.Jl )2 usﬁ )J::u ) ‘.&Jg.w ro.u.u.o.) Aiw)d | QU o d9| ).OJ j )§| Uio.o GLQUJLU.»JTLJ &oz
) _j', 3guin 50 dwlzo O(n k |Og n) 3 wlgz> g Cawl )|)§).) w2leso byd aub o 'oj G ‘oi >|)§|

dpli] : | | |
opt L _Apt M opt R

dpli—1] = | | | l

m—1 m+1 [

dyl] : | | dpli] : | |

di—1] : | | dpli—1] : | |

opt L opt M

optM opt R

B 5)9Te s au |y dp(iy) juslie «dp(i-1,X) joslie jl oslasiwl b aS cuwl 630l LIS (gjlwosly <o b >

import sys
INF = sys.maxsize

# ayiod U C(1, J) — ow ol lee ggoxo o9 Jlio ool )5 1 9 F cwl
def C(i, j):
# 390 i @bly aliwwo U cewlivo wb g6 ol
# ow ol gpo U wly ayid puiSiso 09w Jlbo Sl 19 § Ll
return (j - i) ** 2

# awlzo Sly > 9 punsi slol &b new_dp jl old_dp
def compute(l, r, optl, optr, old_dp, new_dp):
if 1 >r:
return

mid = (L + r) // 2
best_cost = INF
best k = -1

# ojl ha9 [optl, optr] JS Sl psSise sy [ kB
for k in range(optl, min(mid, optr) + 1):
cost = old_dp[k] + C(k, mid)
if cost < best_cost:
best_cost = cost
best_k = k

new_dp[mid] = best_cost
optm = best_k

#ocwl) 9 ez ow Sy saiSib J>
compute(l, mid - 1, optl, optm, old_dp, new_dp)
compute(mid + 1, r, optm, optr, old_dp, new_dp)

# i, oS Shal Sl siws Jlio

n =10 # ldcuedoo sl

old dp = [i * i for i in range(n)] # I Slo,l1s0 : 50,9 DP
new_dp = [0] * n # wi> Slo,l1s0 DP g wlzo LU as

compute(@, n - 1, 9, n - 1, old dp, new_dp)

print("as i DP:™)
print(new_dp)

s ylss DP:
[0, 1, 2, 5, 8, 13, 18, 25, 32, 41]

¢ (Knuth Optimization) <ugi (gjlwaings



el o) S @ GiS;L abayl) gy Gungiaely Jilue 3y )
dpli]|j] = minge; 5 {dpli][k] + dplk + 1][5] + C(2, )}

oy iilo SallS Jiluwo 5> Alaly €95 il Sgabire o [1, 7] 03l cuSyi gl o el slaigze 26 C(4, ) of 5 as

2950 0305 dings Gl b ol (55Lwo,id vy ile (gloyu;
el < J < k<o glpaS puns glis pwlgi S
opt[i[j] < opt[i][k] < opt[j]|l]

L (Quadrangle Inequality) =bo)lg= oL @ by ¢l @S oslaiwl Knuth Optimization SusS ;1 awslgie 65T

g0 aisLub Monotonicity of Decision

G opt(il[j-1] jl aS @uSo e b ok i slojl ks dplilli] j sl vSeo Glok plal )y Glas «SwWSs gl 5>

M piels O(n?) 4 O(n3) 51 @iyedll gzl oloj aS 3giiu0 el ol At optfi+1][j]

@olsl )5 .ol ol 5l lacgamopj b wamo causls ghls C(1, ) auje b aS cul ause Liloj sjuga g, ol
. E S 50 03 Lo SuuwMlS aliuwo Sy sl | SWSS o (Sjb»obl.ﬁg

# oy Silwaigs Sjlwosly (Knuth Optimization) Lluwo J> Sly DP Lol ,lslw b
INF = float('inf")

# ayo @b C(1, j) — ow rolic ggomo puiSiso 0,9 Jbo ool L5 1 9 J Cowl
def cost(prefix_sum, i, j):
return prefix_sum[j + 1] - prefix_sum[i]

# jlwosly Knuth Optimization
def knuth_optimization(arr):
n = len(arr)
dp = [[@] * n for
opt = [[0] * n for

in range(n)]
in range(n)]

# Bayid guw wlxo Sy ggaxo Lgiiny
prefix_sum = [@] * (n + 1)
for i in range(n):

prefix_sum[i + 1] = prefix_sum[i] + arr[i]

# 1 Job Sloojl sl adyl sdd>)liso
for i in range(n):

dp[i][i] = o

opt[i][i] = 1

# iviny Job Sloojl J>
for length in range(2, n + 1):
for i in range(n - length + 1):
j =1+ length - 1
dp[i][J] = INF
# ow ojb bsd opt[i][j-1] U opt[i+1][]F] puiSiso o
left = opt[i][] - 1]
right = opt[i + 1][j] if i + 1 <= j else j
for k in range(left, right + 1):
if k < j:
val = dp[i][k] + dp[k + 1][j] + cost(prefix_sum, i, j)
if val < dp[i][j]:
dp[i][j] = val
opt[i][j] = k

return dp[@][n - 1]

# ouiS puansi @ings |, Ol pudla> o aS slacl I Slalyl : cows Jlio
arr = [4, 2, 7, 6, 9]
print("4uis 4us:" ) knuth_optimization(arr))

62 4l AbS
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